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XXXIM. The Cohesion of Solids. By Prov. HeRBert 
Cuatiny, D.Sc. (Lond.), M.I.C.E.I. 


RecrtveD DecEemBeER 13, 1914. 


Iv is a remarkable fact that the force which links the particles 
of the earth to those of the distant sun is much better under- 
stood than that which connects those earth particles together. 
The most plausible hypothesis would seem to be that which 
identifies the two. Lord Kelvin favoured this view, but there 
are several difficulties. 

Two salient facts arise from any investigation, viz. :— 

(a) The attractive force which we term cohesion has a very 
minute range, but appears to be considerably greater than 
gravitation at minute distances. 

(6) There is a repulsion between small particles of matter 
as well as an attraction. 

In order to appreciate the second fact correctly it is necessary 
to make a preliminary conjecture as to the nature of the 
ultimate particles of matter. Elaborate investigation has 


~ shown that solid matter has a whole series of discontinuities— 


1. Crystalline structure bounded by interfaces, with occa- 
sional minute ,cavities between the crystals. This structure 
is usually visible in microscopic sections. In the case of 
“amorphous ” solids it may, perhaps, be assumed that the 
crystals are of molecular dimensions. 

2. Molecules consisting of a geometrically arranged group 
of two or more atoms bound by electrostatic (?) forces (chemical 
affinity) immensely superior in intensity to gravitation or — 
cohesion. 

3. Atoms consisting of electrons, each atom forming a 
dynamic complex of immense stability. 

4. Possible etheric sub-structure, such as Osborne Reynolds’ 
“ granules ”’ of “ negative matter.” 

It would appear that under ordinary circumstances the 
atoms behave as indefinitely rigid minute solids, so that dis- 
continuity of substance or delay in the transmission of momen- 
tum arises solely from the fact that the molecules are separated 
by appreciable distances. 

The elastic compressibility of solids shows that— 

(a) The molecules or the atoms in the molecules may be 
brought closer together. . 

(b) Such closer proximity develops a mutual repulsion in 
the molecules, and “ strain energy ”’ is stored in the substance, 
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which will return the parts to their original positions (or nearly 
so) when the compressing force is removed. 

Elastic tension similarly indicates the presence of a mutual 
attraction and separability. 

A solid under no stress has its particles in a state of equi- 
librium. Disturbance of that state in the direction of separa- 
tion or approximation is accompanied by a restoring force. 
Temporary application of stress is, therefore, followed after its 
removal by harmonic oscillations, which are at first congruous 
and then become degraded into heat, which is radiated or 
conducted away. 

The application or removal of heat causes a difference in the 
equilibrium position of the particles. The addition of heat 
causes expansion, implying an increase in the mutual repulsion, 
diminution in the attraction, or both. Conversely, the sub- 
traction of heat implies a decrease in the repulsion, increase 
in the attraction, or both. This phenomenon, together with 
certain others, has led physicists to believe that heat in solids 
consists in a vibration of the particles, the kinetic energy 
varying with the total heat. If the absolute zero of tempera- 
ture is also the zero of heat, the mean kinetic energy of the 
particles varies approximately as the absolute temperature. 

If it is assumed that the vibrations are linear, simple, 
harmonic oscillations (an assumption which is certainly not 
quite true),then we may write approximately :— 

Total heat=number of molecules Xx mean kinetic energy per 
molecule. 
no. 


JMs6 =n" ee 
where M=mass of unit volume=n°m, 
s=mean specific heat from zero absolute to 6, 
§=temperature (absolute), centigrade, 
J=mechanical equivalent of heat, ergs per gram- 
éalorie, 
n®’=molecules in unit volume, 
m=mass of a molecule, 
A=mean amplitude of oscillation, 
T=mean periodic time of oscillation. 


Al =~ 
The mean velocity of the particles is e 


fh 
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For example, steel at temperature of 300deg. absolute 
(27°C., 80°F.), 


Ant 
TV *2x 107 0-11 x 300=11,850 cm. per second. 


y= 47,400 ems. /sec. =1,555 ft. /sec. 


A dull red heat corresponding to a temperature of about 
600°C. (say 900 deg. abs.) will then involve a velocity of about 
1-7 times the above, say 2,500 ft./sec., or 80,000 cms. /sec. 
Optics shows that the vibrations in light of that colour have a 
frequency of about 40010" per second, so that on these 
assumptions 


A at 900 deg. abs. = 30.000 


400 x 10! x 4 


2A, the molecular swing, would then be 1:010-§ cm. | 
which agrees moderately well with otherwise determined 
molecular dimensions. 

Such oscillators would present great resistance to com- 
* pression applied in the direction of oscillation, but, per se, 
their attraction would not be different from the usual gravita- 
tional one, and even at the small distance of 0-5 10-7 cm. 
the gravitational force is small. 

The force of gravitation follows the law 


=0-5x 10-8. 


Gm ms 
2 


> 


t (dynes)= 


where G=6:610-§; m,, m, are the attracting masses 
(grammes) ; d is the distance, centre to centre, centimetres. 


M i 
If we write My =My= "ap where aa 


2 
t= eee =GMd?, 
n 
where M=mass per unit volume=specific gravity. 
Thus, in steel, specific gravity, say 8-0, 


t=6-6 x 10-8 « 64x (0-5 10-7), 


an excessively minute force, apparently quite incapable of 


explaining cohesion. 
HH2 
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It seems difficult to understand how the molecules can be 
brought much closer together than the above-mentioned dis- 
tance without developing repulsive forces greatly in excess of t. 

At very low temperatures there is a contraction which may 
reduce the distance to perhaps half that given. Cohesion does 
increase at such low temperatures, but still the gravitational 
force seems insufficient. 

Kelvin was of opinion that cohesion could be explained by 
supposing the actual mass of substance to be concentrated into 
volumes quite small as compared with the whole volume. The 
density at such centres would be extremely high, and this 
intense density would. he thought, so increase the force of 
gravity between pairs of molecules very close together as to 
account for cohesion without necessitating any deviation from 
the inverse square law (“ Pop. Lect.,” Vol. L, and “ Proc.” 
Roy. Soc. Edin., April 21, 1862, Vol. IV.). ; 

It appears to me that an inconsistency is involved in this 
hypothesis. In a mass of apparently homogeneous substance 
the average distance from centre to centre of the molecule - 
pairs will not have any directional relation, so that in the case 
of a longitudinal tension resisted by cohesion (say in a bar. 
under tension) there seems no particular reason to suppose 
that the longitudinally cohering pairs are closer together than 
the lateral pairs, and yet Kelvin’s hypothesis would seem to 
require this. 

Norrn.—Sir James Dewar, in the “Encyelop. Britt...’ 11th edition 
Vol. XVI., article ‘‘ Liquid Gases,” p. 7560, says :— 

“ Conesion.—The physical force known as cohesion is greatly increased 
by low temperatures. This fact is of much interest in connection with two 
conflicting. theories of matter. Lord Kelvin’s view was that the forces. 
that hold together the ultimate particles of bodies may be accounted for 
without assuming any other forces than that of gravitation, or any other law 
than the Newtonian. An opposite view is that the phenomena of cohesion, 
chemical union, &c., or the general phenomena of the aggregation of mole- 
cules, depend on the molecular vibrations as a physical cause (Tolver 
Preston, ‘* Physics of the Ether,’ p. 64). Hence, at the zero of absolute 
temperature, this vibrating energy being in complete abeyance, the phe- 
nomena of cohesion should cease to exist and matter generally be reduced to. 
an incoherent heap of ‘** cosmic dust.’” This second view receives no support 
from experiment. Atmospheric air, for instance, frozen at the temperature 
of liquid hydrogen, is a hard solid, the strength of which gives no hint that. 
with a further cooling of some 20 deg. it would crumble into powder. On 


the contrary, the lower the scale of temperature is descended the more 
powerful become the forces which hold together the particles of matter.” 


Consider the case of a square bar 1 em. on a side, subject to a 
critical tension f=2,000,000 grammes. Let the specific gravity 
be 8, and the number of molecules per centimetre 2x 108. 


aa 
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This gives very approximately the conditions in an iron or 
stee] bar somewhat above the elastic limit. 

Ii we assume that the cohesion is fairly well represented by 
(2x 108)? inter-molecular links, the tension in each link is 
(2x 10®)/(4x 101*)—0-5 x 10-19 grammes, or say 5X 10-8 dynes. 
This is, then, the tension between a pair of molecules on the 
two sides of an imaginary normal section. Assuming that the 
bond along the line connecting the two is (almost) wholly due to 
their mutual attractions, we have 


5X re eel 

d? 
where G is the gravitational constant, m is the mass of a 
molecule and d is the distance from centre to centre of a linked 
pair. G being 6-6 10-8, and our figures being very rough, we 
have approximately 


m?/d?=1, so that m=d, 
m(grammes)—=8/(2 x 10°)?=10-"* grammes, and d=10-™* cm. 


Novrz.—m here agrees with the mass of a hydrogen atom rather than an 
iron one, but this discrepancy is immaterial for our purpose. 


This makes d smaller than the reputed diameter of an elec- 
tron (3-0 16-13 cm.), or even than a Reynolds’ granule (5-5 
x 10-18 cm.), which is apparently absurd. 

If the number ot molecules is reduced to as low as 2x 108 
per centimetre, we have 


6 
ea OX 10-6 grammes, or 5-0 10-4 dynes. 
6-6x 10-8 ( ge iy 
5-0x 1074== has a iors IOS: 


d? 
and d=approximately 10-°° cm. 


Even allowing for the additive effect of other molecules than 
those in the pair on the tension along the line between the 
pair it seems difficult to increase d to a reasonable figure, and 
in any case there seems to be no very good reason why it should 
differ from the reciprocal of n. 
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if, on the other hand, we assume that cohesion follows a law 


Gm? 


t= dy 


Gin? 
and d 7s equal to 1/n, so that = 


n 
where ¢ is the link between two molecules, m is the mass of.a 
molecule, d is the inter-molecular distance, and y is an expo- 
nent we have 


: 3 (20 
ah ar i areal 
() 
approx. n'n-¥=2 xX 10" 
say n=10? 
10-7=2x 10-™: 
Neglecting the 2, y=6, which agrees with Boseovich’s theory 


that the attraction .at molecular distances follows a variation 
with a high exponent. 


Norz.—Relation of inter-molecular distance to size of molecular fields 
according to the Newtonian law :— 


981 3 Go , ; 
wi —S ; tm “aye |o=specific gravity], 


so that, other things being the same, d co x 
n 


Relation of variational index if inter-molecular distance equals size of 
molecular field :— 


981 fnt 
y log n=log aed 


The above theory assumes that when the molecules are neat 
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the limit of equilibrium the attraction (repulsion being dis- 
regarded) follows either the law 
Gd-* or Gd-7. 


The previous reasoning assumes that for the given stress 
between the molecules the repulsion is zero. This may not 
be very incorrect if the strain is such that the molecules have 
been dragged to the extremity of the molecular field. This 
condition would be indicated by an extension of not less than 
one-fiftieth, or in the case of simple tension, where the lateral 
approach of the molecules reinforces the longitudinal attrac- 
tions, as much as one-quarter (for steel or iron). 

Being ignorant of the arrangement of the molecules and of 
the laws of their repulsion and attraction, it is almost impos- 
sible to say exactly what ratio there is between th2 actual bond 
along a line between two molecules and that which there 
would be if these two were isolated. The ratio cannot well 
be less than unity, and may, perhaps, be as high as 50. Taking 
it as unity, let us consider two isolated molecules. 

There is a repulsion between them which varies in some 
inverse sense with the distance from centre to centre. There 
is also an attraction which similarly varies, but in the position 
of equilibrium the two are balanced.- If brought closer 
repulsion prevails to an extent which increases continuously 
with proximity. It may not become infinite, since chemical 
(a.e., electrical) change may occur such that the atoms re- 
arrange themselves (possibly even interpenetrate), but still 
closer proximity than this will experience enormous resistance 
from the dynamic repulsion of the extremely energetic electron 
systems. 

A law of the form 

t;=kd-% 


may serve for the repulsion where ¢, is the repulsion (negative 
attraction), k, is a coefficient, d is the inter-molecular distance, 
y, 18 an index not less than unity. 

The effective attraction during separation does not increase 
in this way, but, on the contrary, approaches a limit generally 
within a distance less than 2d), where dy is the position of 
equilibrium. Outside this range it diminishes and becomes 
equal to the gravitational attraction at a distance of a few 
times dy. (Various experimenters have found that cohesion 
is inappreciable at distances more than about 10~° cm.) 
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If we consider the effective bond to be the resultant of an 
attraction and a repulsion we have 


t=t.—t,, 
a = 
and it will be found that ¢, (the molecular attraction) may also 


be written in a form 
kd-7 


and agree with the experimental facts (see sketch). 


| 


Contraction 


_._...Normal __ 
Equilibrium : 
------— Expansion---- -> ee se 
ad 
Fre. 1. 


Hooke’s law shows that for small increases or decreases x in 
the neighbourhood of do, tis of the form ex, where cis a constant. 
The conditions will be approximately satisfied if the curve 
representing ¢, is asymptotic to the d axis more rapidly than 
that representing ¢, and is asymptotic to the ordinate axis (or 
perhaps to one parallel thereto) less rapidly than that of ¢,. 

Since at equilibrium ¢,=t, and d is common, 


kydo M=kydo™, 
and since the slope of the ¢, curve exceeds that of the ¢, curve, 
yk, d- OS ee 
and since d- Ot) —d-y¥~d 
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t=t,—t, =2[d-*—d-5]. 


dt 
dd 
tis a max. when d=1°5, 


= — 2[2d-°—3d-4], 


Fria. 2. 


451 
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for the value do, 
— 7 (kydo- do) > — yk edo *do) 


and k,dyg™ =k, 
Then. —y\>—v 
V1>72 


The attached graphs show the curves 
t,=2d-*; t,=2d7 and t,—t,, 
and also the curves 
t,=0-125 (d—0-5)-*; t,=2d-? and t.—4+,, 


indicating how for functions of this type there is an equilibrium 
value below which the first exceeds the second, and above 
which the second exceeds the first. It will, of course, be under- 
stood that no particular importance attaches to the indices 
used in these examples. In fact, the functions themselves 
may be of a different kind if they satisfy the required con- 
ditions. 

If the coefficient *, is increased the equilibrium point is 
advanced. If decreased the equilibrium point is retracted. 
This corresponds to the effect of heat in causing expansion and 
contraction. Similarly, by sufficiently imcreasing f/,, the 
equilibrium point may be abolished, corresponding to the 
gaseous state. 

The resultant curve in the neighbourhood of dy corresponds 
to the stress-strain curve obtained in experiments on materials. 
On the compression side there is an apparent discrepancy in 
the increase of the stress-strain ratio, but it should be observed 
that this curve refers to pure contraction without shear. 

There does not seem to be any satisfactory method of ascer- 
taining the values of y, and y,, but there are several indirect 
ways of attacking the problem which are suggestive. The 
theory of gravitation and electrostatic potential suggest the 
index 2 for the attraction, but, as already mentioned, the 
coefficient “ G ” does not seem to agree, and if it does not agree 
at infinitesimal ranges there must be a change in the law at 
some pot, 

The kinetic theory of gases suggests that the repulsion 
varies inversely as the molecular distance. 


1 
[ » eet is Bone ad: F=pd? ra a> | 
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This, however, seems to disagree with the conclusion as to 
?1>¥2 1f both are more than unity. 


3°0 


Riese 
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The oscillation theory of repulsion is complicated by the 
fact that it will not simultaneously explain cohesion and 
temperature effects without including a potential energy store 
in addition to the kinetic energy. Thus, a piece of material 
compressed becomes heated, but when it has lost its excess of 
temperature by radiation and conduction it would appear that 
the amplitude of the oscillations had decreased, and that the 
frequency, after temporarily rising, had fallen to its original 
value. The kinetic energy of the oscillator has then decreased, 

but, nevertheless, the body contains strain energy if it is 
elastic. (Similarly, as Kelvin has shown, tension causes 
cooling.) 

Some means of storing potential energy must be predicated 
in this case unless we can suppose the frequency to remai at 
a higher value than before straining and yet not show a per- 
ceptible temperature effect. This does not seem probable, 
but experiments on the combined effects of heat and stress 
may throw some light on the question. 

Still another method is to consider the limits within which 
the forces are appreciable. Most metals when expanded by 
heat about one-fiftieth (linear), say one-sixteenth (volume), 
become liquid, so that for uniform dilatation of metals the 
net attraction (attraction-repulsion) would seem to become 
inappreciable when d has increased from the normal position 
of equilibrium io about 1-02 of that value when the tem- 
perature is raised to the melting point. Tension experiments 
at ordinary temperatures indicate that as much as 25 per cent., 
or even 50 per cent., extension can occur in the same materials 
before the net attraction begins to diminish ; but in this case 
the mutual attraction, although perhaps diminished by the 
separation, is reinforced by the lateral approach of the particles. 
In the case of liquefaction it is clear that the heat greatly 
increases the repulsion, whereas in an isothermal tension test 
this does not occur. In the liquid state the molecular repul- 
sion slightly prevails over the attraction, and is only prevented 
from causing dispersion (7.e., vaporisation) by the atmospheric 
or other pressure. 

The theory of elasticity in metals shows that in the absence 
of lateral strain a force of about 1-2 times that with lateral 
strain is required to produce the same longitudinal extension. 
Hence, it may, perhaps, be concluded that the limiting cohesion 
in pure dilatation is about 1/1-2=0-83 times the ultimate 
stress in uni-directional tension. 
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When cooled to absolute zero from ‘usual temperatures, 
steel has a contraction (linear) of about 0-003. It possesses 
a greater cohesion at very low temperatures, a fact which may 
be due to the reduction of the repulsion or to increase of the 
attraction. The former seems more probable. In any case, 
it indicates that repulsion is not wholly due to the kinetic 
energy of temperature oscillations, or that these are not zero 
at the absolute zero of temperature. 

Apart from the suggestions of Boscovich, Kelvin and Tolver 
Preston, there do not seem to have been formulated any exact 
theories as to cohesion, but two recent theories of gravitation 
are of some interest in this connection—viz., Osborne Reynolds’ 
“ granular medium ” and the electronic theory of Lorenz and 
Crehore. 

In the former (“The Sub-Mechanics of the Universe,” 
Cambridge University Press, 1903) Reynolds finds that cohesion 
and gravitation can be explained by the mutual attraction of 
“inequalities ” (7.e., deficiencies) in an universally diffused 
granular medium of “ negative mass.” He says :— 

“Cohesion between the singular surfaces of negative in- 
equalities results from the terms which were not taken into 
account in the first approximation which correspond to 
gravitation. These secondary terms involve the inverse dis- 
tance to the sixth power, and therefore have a very short range, 
and so correspond to efiorts of cohesion of the singular surfaces 
as well as surface tensions having no effect unless the singular 
suriaces, or molecules, are within a distance very small com- 
pared with the diameter of the singular surface.” (I., §5.) 

“In the analysis for the effort of attraction of negative in- 
equalities the ratio of the volume of the grains absent divided 
by the volume enclosed by the singular surface has been 
neglected, and it is this simplification only which renders the 
law of attraction—as the inverse square—the law of attraction 
of the singular surface at a distance. 

“‘ But this in no way limits the variation of the stresses over 
those portions of the space in and between the parts of the 
two singular surfaces which are within indefinitely small dis- 
tance of each other. Such limits can only be determined by 
taking into account the higher terms which have been neg- 
lected. 

“This analysis I have not attempted. But it seems to me 
very important to notice this omission, as it appears that the 
attractions expressed by the higher powers of 1/r, when the 


456 PROF. H. CHATLEY ON 


surfaces are indefinitely near, must be of great intensity, so 
that, owing to sudden variations, the work done in separating 
the surfaces must be extremely small. 

“These characteristics are those of cohesion and surface 
tension, and they promise to account by mechanical considera- 
tions for the hitherto obscure cohesion between the molecules 
as belonging to the attractions resulting from the finite dia- 
meter of the molecules divided by the curvature resulting from 
distortion, or we might say the complement of gravitation.” 
(XIV., §227, slightly abridged.) 

Reynolds’ theory is open to objection on the ground of the 
apparent instability of the configurations which he deduces 
and seems to have been shelved, if not displaced, by the. . 
electrical theory of matter; but it is interesting to note his 
reference to the sixth power of the distance and the curvature 
effect. 

Dr. Crehore has set forth an electrical theory of gravitation 
(“ Electrical World,” 1912; “Scientific American Supple- 
ment,” No. 1,893, April 13, 1912, p. 238), in which, by assuming 
that the velocity of electrons in their orbits about the centres 
of atoms differs only slightly from the velocity of light,* he 
arrives at an expression for the mutual attraction of two 
atoms as follows :— 

2q2w oe. 


= >_>: . 
Kav? * R°—e 


q=velocity of electron, 


w=thickness of “ magnetic sheet ” due to the quasi- 
polarisation of each electron, 


K=specific inductive capacity, 
v=velocity of light, 
R=distance from centre to centre of atoms, 
a=radius of electronic orhit, 
e and e’ are the charges on the atoms. 
By equating this to the gravitational formula, he finds that 
if e=e’=4-9 10-1 electrostatic units and g almost exactly 


equals v, w=1-6X 10-*%cem., and that 99 per cent. of the 
induction (which causes the attraction by differential action 


_ * This hypothesis does not receive confirmation from Spectroscopic 
investigations. 
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at the two opposite points of the electronic orbits) is included 
within this thickness if v—q=3-9 x 10-8 em. /sec. 

He states that this equation is true for both great and small 
distances, but “ It must be remembered that in deriving this 
formula the magnetic induction in the sheet accompanying 
the corpuscle was considered to be uniform throughout the 
volume of the positive sphere of the attracted, atom. When 
the distance is very small the induction should be integrated 
throughout the volume, and the expression must not be used 
in case R is nearly equal to a.” 

If we assume that at absolute zero the molecular fields are 
almcst in contact, the mimimum value of R would seem to be 
2a for the outside electrons. Remembering that the electrons 
are probably in several ring systems, R=4a seems to be a fair 
estimate for the minimum. ‘The expansion from absolute zero 
to ordinary temperatures being taken as 0-25 (an excessive 
value for many substances), a normal value, R=5a, may be 
appropriate for solids. 

It is noteworthy that a curve of the form varying inversely 
as the sixth power of the distance is tangential to a curve of 
the form varying inversely as R?—a? at a pomt R=1-225a. 

The differences between the curves are very small for a 
range of about 0-05a above and below this value ; but as the 
value R=1-225a would imply interpenetration of the molecular 
fields it would seem that either the sixth power rule does not 
apply or that the induction correction for small values of R 
makes an appreciable difference. 

Crehore’s formula has the great advantage that it enables 
the gravitational constant to be retained even at the smallest 
distances, the variation being simply due to the second term 
in the denominator or the expression 


2 (a2 —a?)’ : 


where ¢, is the mutual attraction, G and m are as before, and 

d=R, a being the radius of the mean effective electronic orbit. 
The argument as to the indices y previously mentioned still 

applies to functions of this form, so that we may, perhaps, write 

‘ the repulsion 

Gym 


(du—a” ) 


= 


where y, is greaterthan 2. A value of 3 for y, gives a resultant 


Scale for (t2 —fy). 
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curve, t,—t,, in which the net attraction persists at a high 
value through a range of several times a. 

Larger values of y, decrease the range of the net attraction, 
so that experimental information on that subject indirectly 
leads to y, if Crehore’s rule is true for the attraction. 

Some information might, perhaps, be expected from astrono- 
mical research. Newcomb has discusscd the possibility of the 
index 2 in the gravitational rule being slightly inaccurate as an 
explanation of certain irregularities in the perturbations of 
the imferior planets ; but Brown’s exhaustive investigations 
of lunar theory fail to confirm this supposition. Crehore’s 
formula would lead to the conclusion that the force is very 
slightly in excess of the inverse square law (which would make 
the index less than 2 for any particular distance), but the 
difference becomes inappreciable when the ratio d/a exceeds 
1,000. 


The Effect of Atomic Wei,ht on the Cohesion of Solid Elements. 


A scrutiny of the tensile strengths comparcd with atomic 
weights for the elementary metals shows that there is no simple 
relation between the two quantities. There may possibly be 
a periodic one, in which case it should throw light on the 
occurrence of gases and liquids in the series. The very exis- 
tence of these at normal temperatures and pressures indicates 
that the conditions of infra-atomic equilibrium vary with the 
number of electrons (7.e., the atomic weight), and it is to be 
presumed that the cohesion is similarly variable among the 
different solids. Extremely high atomic weight does not give 
high cohesion, nor, on the other hand, does it appear in the 
elements very low in the scale. There would seem to be no 
doubt that the high atomic weights imply a large proportion 
of irreducible volume or a smaller number of atoms per unit 
mass, and this will doubtless affect both the attraction and~ 
repulsion ; but, as the effective cohesion is the difference 
between these, no conclusion can be drawn. 


The Effect of Molecular Combination on Coheston. 


It is in this direction that the most surprising results occur. 
Minute variations of constitution (as in the case of the iron 
and copper compounds) cause great differences, and, again, 
the combination of two gaseous elements may produce a solid, 
or two solids a gas. The heat produced by or absorbed in 
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combination doubtless suggests an explanation, but, anyway, 
it is clear that the mutual chemical attraction of the atoms can 
immensely exceed cohesion. 


The Effect of Density. 


Small increases of density unaccompanied by chemical 
change or perceptible structural change can produce great 
changes in cohesion. This may partly be accounted for by 
considerations of invisible crystalline structure, the surfaces 
of the crystals being brought into more mtimate contact or 
gaining in mutual tenacity by dimensional relations ; but it 
would appear to be true of matter with no super-molecular 
structure, although the question then arises whether, apart 
from crystalline structure, it is possible for matter to have two 
densities under the same conditions of pressure, temperature 
and chemical composition. 

The specific gravity of metals of constant chemical com- 
position varies considerably, but it seems probable that this 
variation is accompanied in all cases by crystalline change. 
Sub-crystalline structure, although oriented, is probably of 
almost maximum density. Super-molecular structure can 
only be of maximum density if the crystals completely fit 
one another or are pressed together so that all parts of the 
surfaces of each crystal are in contact with others except on 
the free faces of the solid. Pressure such as this must destroy 
the geometrical form of the solid, and possibly these damaged 
angles give rise to points of relative weakness. 
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XXXIV. Some Novel Laboratory Experiments. By F. W. 
JORDAN, A.B.C.S., B.Sc. 


ReEcEIveD Aprin 25, 1915. 
A Vacuum Flask Condensation Calorimeter. 


Ir occurred to me that the errors in the condensation methods 
of measuring the latent heat of a vapour could be almost 
elimmated by adopting the following method : A steady stream 
of the vapour is passed for a certain time through a vacuum 
vessel containing an empty suspended bulb, and the mass of 
the condensed vapour is determined. In the second experi- 
ment the same steady stream of vapour is passed for the same 
time through the vessel, and condensed on the same bulb filled 
with water. Ifthe experiments be performed under identical 
conditions, the difference between the masses of condensed 
vapour will be that required to raise the temperature of the 
water to that of the vapour. Errors arising from losses of 
heat by convection and radiation, condensation in the tubes 
and wetness of the vapour can in this way be almost eliminated. 
The capacity of the bulb can be made large, and the masses of 
condensed vapour can be determined with an ordinary balance 
which will carry a load of 500 gm., and is sensitive to 0:01 gm, 
As a test of the accuracy of the method it was decided to 
measure the latent heat of steam. 

A sectional view of the steam trap and calorimeter as de- 
sigaed for this purpose is shown in Fig. 1. The steam from the 
boiler was delivered by an upward sloping wide tube to the 
steam trap, where the separation of the suspended water 
globules from the steam was effected by centrifugal force 
brought into play by the rapid motion of the steam through the 
spiral tube A. The steam was delivered from the boiler at the 
rate of 14 gm. per minute, and the calculated centrifugal force 
of several hundred times its own weight on a water globule was 
considered to be sufficient to drive it to the side of the spiral 
tube before the escape of the steam. The steam was finally 
delivered to the vacuum vessel by the tube B, which was sur- 
rounded by the coils of the spiral tube. The condensed water 
was drained off periodically by way of the tube C. 

The mouth of the thermos flask was closed by a slightly 
conical shallow brass cup, fitted with an outer ring of india- 
rubber to render it steam-tight. The steam was sprayed 
evenly throughout the interior of the flask by the perforated 
brass tube D. The exit tube E was of sufficient width to allow 
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of the insertion of a thermometer, and to prevent spurting of 
the condensed vapour from the lip of the tube. The loss of 
heat from the stopper was minimised by a fillmg of cotton-wool 
and a covering disc of cork. The latter prevented absorption 
of the steam by the cotton-wool, and was removed before 
weighing. 

The ioe bulb H was suspended by a thread looped over the 
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inlet tube. This bulb could be filled by way of a small opening 
in the lid and closed by a small screw plug. The initial tem- 
perature of the bulb was obtained by lowering a thermometer 
through the exit tube into the re-entrant tube of the bulb. 

In conducting an experiment the empty bulb was susperded 
inside the flask, and possible inequalities of temperature were 
removed by drawing a rapid current of air from the room 


LABORATORY EXPERIMENTS. 463 


through the flask with a Lennox blower. The flask, together 
with the stoppers for the tubes, was then weighed. The 
thermometer was inserted into the bulb, and the initial tem- 
perature recorded after-an interval ot several minutes. The 
thermometer was then removed, and at a given instant the 
short indiarubber tube F was connected with the steam 
delivery tube. At the end of 10 minutes the supply of steam 
was stopped momentarily by pinching an indiarubber con- 
necting tube; the vacuum flask removed, quickly stoppered 
and then weighed. It was found that this method of closing 
the mouth of the flask was quite satisfactory, and the weight 
remained perfectly steady to 0-01 gm. for many minutes. The 
flask was then emptied, dried and cooled by a rapid current of 
air to the temperature of the room. The bulb was almost 
filled with disiilled water at room temperature, and the experi- 
ment repeated under almost identical conditions. 

A prelimmary experiment showed that the temperature of 
the full bulb attained an almost stationary value after the fifth 
minute, so that 10 minutes was an ample time to allow the 
bulb and the condensed steam to acquire the temperature of 
the steam. It was found as a result of a number of experiments 
under identical conditions that, in spite of the passage of a 
large amount of steam through the flask, the weight of con- 
densed steam could be relied upon to about 0-01 gm. or 
0-02 gm. The supply of steam could have been reduced aiter 
the second minute, but it was considered that the test would 
be more rigorous by maintaming a rapid supply of steam 
throughout the experiment. A reduction in the rate of supply 
of the vapour can be resorted to when waste of the vapour has 
to be avoided. If the quantity of condensed vapour is at all 
large it is better to catch the condensed vapour from the bulb 
in a shallow cup just beneath the bulb before allowing it to 
drip on to the bottom of the flask, where it can only be heated 
slowly by conduction from the upper surface. The time oi © 
passage of the vapour can then be reduced to six or seven 
minutes, 

The thermal capacity of the flask and empty bulb may be 
determined to the nearest unit by measuring the steam con- 
densed in the first minute in the calorimeter. In calculating 
the thermal capacity, loss of heat may be neglected, and an 
approximate value of the latent heat will be quite sufficient. 
The error arising from an omission of the correction for the 
thermal capacity of the vessel need not exceed 1 part in 300 
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in a suitably designed calorimeter, if the initial temperatures 
of this in the two experiments do not differ by more than a 
degree centigrade. : ; 

The preliminary experiments showed that as the dimensions 
of the apparatus were increased the final results became more 
concordant, and there is hardly any doubt that the latent 
heat of a vapour or the specific heat of a liquid, and in many 
cases that of a solid, could be measured to | part in 500. 

The following dimensions of the vacuum vessel may serve 
as a guide to any alterations or improvements. The thermos 
flask was of the ordinary pint pattern; the diameter of the 
mouth was 2-7 cm., and the largest bulb that could be intro- 
duced had a capacity of 60 cubic em. A thermos flask with a 
wider mouth and same internal volume would have given 
better results. The thermal capacity of the flask and empty 
bulb was about 23 calories. The weight of condensed steam on 
which the final result depended was about 9 gm. The steam 
was supplied at the rate of about 14 gm. per mute in most of 
the experiments ; but this would have to be increased during 
the initial heating for a bulb of larger capacity. The initial 
temperature was read correctly to about 0-1°C. on an ordinary 
thermometer. The balance could carry a load of 500 gm., ard 
the weight was measured to 0-01 gm. It may be remarked 
that an error of a few milligrammes in the set of weights, and 
this is a common fault, matters but little in this experiment. 

The results obtained in six successive experiments for the 
latent heat of steam at 100°C. were 539-9, 539-3, 538-4, 540-1, 
040 and 538-5, giving a mean value of 539-8, a result which 
agrees as well as can be expected with the accepted value of 
540 at 100°C, in terms of the calorie at 20°C, 

I have since shown, as the result of experiments with another 
steam calorimeter, to be described later, that the wetness of 
steam generated at atmospheric pressure is very small, and a 
separator of the ordinary pattern is quite sufficient to prevent 
condensed water in the delivery tubes from entering the calori- 
meter. 

A Steam Calorimeter. 


The loss of heat from the outer surface of the calorimeter can 
be prevented almost entirely by first raising rapidly the tem- 
perature of this surface almost to that of the steam by a sudden 
immersion in a current of steam, and then admitting this to the 
interior of the calorimeter. In order to test the accuracy of 
this method it was again decided to measure the latent heat of 
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steam and the apparatus as designed for this purpose is shown 
in Fig. 2. 

The calorimeter A was made of hard thin sheet brass, and 
fitted with a screw-down lid, B. The latter was made steam- 
tight by a washer of moderately hard rubber. The steam when 
required was admitted to the interior of the calorimeter 
through the short inlet tube C, by removing the stopper in the 
exit tube D. The brass bulb E was constructed in the same 
way as for use with the vacuum vessel, and was suspended by 
a loop of thread from two small hooks on the lid of the calori- 
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Fic. 2.—A STEAM CALORIMETER. 


meter. The bulb E was shielded from any exchange of heat 
with the inner surface of the calorimeter by the radiation 
sereen F. This consisted of a thin sheet copper vessel, per- 
forated at the sides for the admission of steam and supported by 
three. spring legs of thin wire on the base of the calorimeter. 
The upper edge of the screen was cut away to form three small 
projecting spikes and an alternative path for the steam. The 
pressure of the lid of the calorimeter against these spikes 
sufficed to hold the screen in position. The gain of heat by 
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the bulb from the radiation screen during its heating by the 
steam will involve a condensation of the steam on the screen, 
and this is included in the final weight. Thus, the introduction 
of this screen makes it possible to use a bulb of large thermal 
capacity. In the vacuum vessel the gain of heat by the bulb 
from the inner surface of the vessel is correcied by a condensa- 
tion of the steam on this surface, and consequently this diffi- 
culty does not appear. The comparatively cool water con- 
densed on the bulb was collected in a shallow copper cup, H, 
supported by three thin wire legs inside the radiation screen. 
The bulb was in this way almost isolated from exchange of 
heat with the inner surface of the calorimeter. 

The calorimeter was suspended from the lid of the steam- 
jacket N by a circular nut of hard wood, K, screwed on to the 
exit tube D. A light umbrella of thin sheet copper prevented 
any cool-cordensed water from falling on to the lid of the 
calorimeter. The sieam before admission to the jacket was 
freed trom suspended water by a rotary motion in the spirally 
divided inlet tube M. This spiral motion of the upward current 
of steam also contributed to a more rapid and uniform heating 
of the outer surface of the calorimeter and more consistent 
results were obtained with this device than in its absence. 
The additional mass of condensed steam, before the intro- 
duction of this device, did not amount to more than 0-1 gm., 
even when 200 gm. of steam was circulated through the calori- 
meter. Hence, the quantity of suspended water in the steam 
must have been very small, and this conclusion was still 
further verified by the fact that the progressive condensation 
in the calorimeter only amounted to a few centigrams in five 
minutes. Many indifferent results can be accounted for not 
so much by the presence of suspended water globules as by the 
transfer of condensed water along the surfaces of the tubes to 
ortrom the calorimeter. As an instance of this it may be noted - 
that, during the course of an experiment on the latent heat of 
steam by a modified Berthelot’s apparatus, it was found that 
0-5 gm. of steam was condensed in the short inlet tube, whilst 
24-5 gm. was condensed in the calorimeter in 14 minutes. The 
correction for the condensation in the inlet tube was, therefore, 
far from small, and under these conditions exceeded the 
correction for loss of heat from the calorimeter itself. In 
Berthelot’s original experiment the effect of this condensation 
in the inlet tube was minimised by a rapid flow of the vapour 
and absorption of heat from the ring-burner. 
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In conducting an experiment the empty bulb E was sus- 
pended from the cover, the calorimeter was fitted together 
as shown in the figure, and weighed together with the stoppers 
for the inlet and exit tubes. The calorimeter was then attached 
to the lid P of the vapour jacket and a rapid stream of air was 
drawn through the calorimeter by a Lennox blower to equalise 
the temperatures of the various parts. The temperature just 
before immersion ia the vapour jacket was taken with a ther- 
mometer inserted into the bulb E. During these operations 
steam was got up in the boiler and passed through the jacket 
for two or three minutes. The exit tube D of the calorimeter 
was stoppered and the lid of the vapour jacket, supported by a 
cord handle, was held in readiness. The temporary lid of the 
jacket was removed at a giver instant, and the calorimeter was 
suddenly immersed in thesteam. Av ihe end of 20 seconds the 
jet of steam from the exit tube R in the lid was well developed, 
and this was considered to be the best instant for diverting the 
grea‘er part of the steam from the outside to the inside ot the 
calorimeter. This was effected by removing the stopper in the 
exit tube D of the calorimeter, and reducing the escape of steam 
from the exit tube R in the lid of the vapour jacket by inserting 
asmall nozzle. The steam in every case appeared at the exit 
tube D of the calorimeter a few seconds after this adjustment. 
At the end of two minutes the supply of steam was reduced to 
about a third byedowering the bunsen flame. This adjustment 
can be conveniently and repeatedly accomplished by fastening 
a long arm to the handle of the gas tap, and swinging this from 
one stop to another. At the end of six minutes the exit tube 
D was stoppered ; the calorimeter was quickly withdrawn from 
the jacket, and its inlet tube stoppered immediately. The 
calorimeter was allowed to cool and then weighed. The 
existence of any leaky joint was rendered evident by an increase 
oi weight, and every care was taken to avoid this defect. The 
rubber stoppers and washer answered perfectly well in this 
respect, and there was no trouble from leakage. Air was 
finally admitted and the calorimeter weighed. | 

The choice of these intervals of time was the result of a 
number of trial experiments. The first interval of 20 seconds 
was selected for the reason that an error of a second or two 
in its estimation affected the weight of condensed steam only 
to a slight extent. The next interval up to the end of the 
second minute was the result of an observation on the rise of 
temperature of the bulb when filled with about 100 cubic cm. 
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of water. The steam was supplied initially at the rate of about 
20 gm. per minute, and the temperature of the bulb rose to 
about 40°C. at the end of the first minute, and 90°C. at the ead 
of thesecond. The lag of the thermometer made it impossible 
to be precise in stating the first of these temperatures. The 
temperature was practically steady at the end of the fourth 
minute, and hence the selection of 6 minutes was considered 
ample to allow the bulb to acquire the temperature of the 
steam. 

In the second experiment the bulb was nearly filled with 

water, and the experiment repeated under almost the same 
conditions. The additional amount of condensed steam was 
considered to be that required to raise the temperature of the 
water to that of the steam. : 
_ The correction to be applied for the thermal capacity of the 
empty bulb and radiation screen amounted only to 1 part m 
1,000, when the initial temperatures of the calorimeter in the 
two experiments differed by 1°C. The corrections for air 
displacement applied to the weights affected ‘he weights of the 
condensed steam and water in the bulb equally, and can, 
therefore, be omitted. 

The followmg data m connection with this apparatus may 
serve as a guide to any improvements and alterations. The 
height of the brass calorimeter was 18 cm., its diameter 6-6 em. 
and is weight 250 gm. The brass bulb had a capacity of 
about 105 cubic em. of water, and condensed under ordinary 
conditions about 15 gm. of steam. The weight of the interior 
parts was about 100 gm., and the combined thermal capacity 
about 9 calories. The weight of steam condensed in the calori- 
meter with the empty bulb was about 1-7 gm. in six minutes, 
and the weights obtained in successive experiments under the 
same conditions agreed to about 0-02 gm. 

The results obtained in seven successive experiments for the 
latent heat of steam at 100°C. in terms of the calories at 20°C. 
were 539, 539-9, 540-1, 538-8, 539, 539-6 and 539, giving a mean 
value of 539-3, a result which differs but little from the accepted 
value of 540 at 100°C. These results justify the use of this 
apparatus as a steam calorimeter when an accuracy of not more 
than | part in 400 is aimed at. ; 


A Differential Telephone Receiver. 


The use of this instrument for electrical measurement is not 
new, but it may be of some interest to know that the ordinary 
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receiver can be used in conjunction with a simple differentially- 
wound transformer to serve the same purpose. 

A core, composed of a bundle of soft iron wires or a soft iron 
rod, 1s overwound differentially with two primary coils P, P, 
Fig. 3, and the secondary coil $, which is connected to the 
telephone receiver T, is arranged so that it can slide over the 
primary coils P, P. The advantage of this construction is that 
it is possible; by moving the secondary S to a particular posi- 
tion, to obtain almost complete silence in the receiver T, when 
the primary coils P are traversed oppositely by equal alternate 
currents. It would be difficult to wind the core of an ordinary 
receiver with two coils so that they were exactly differential. 


Fic. 3.—A DIFFERENTIAL TELEPHONE RECEIVER. 


The resistance of an eletrolyte can be measured with the 
aid of this instrument by the differential arrangement shown in 
Fig. 3. The terminals of the secondary coil of a small induction 
coil are connected to A B, and the current is divided between 
one of the primary coils P in series with the electrolyte X and 
the other coil P in series with a dial box of resistance coils R. 
The telephone receiver will be silent when R=X, and this 
method is quite a sensitive one for this measurement. 


The Thermal Conductivity of a Narrow Bar by a Modified 

: Gray's Apparatus. 

In Gray’s apparatus the narrow bar is soldered at one end 
into the side of a copper boiler and at the other into a copper 
sphere. The heat conducted along such a narrow bar, when one 
end is heated by boiling water and the other cooled by contact 
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with the copper sphere, is so small that the temperature of - 
copper sphere has to be observed in some cases for 40 mmu “ 
In order to increase the rate of transmission of heat four paralle 
metal bars, each about 2-5 mm. diameter and 8 cm. long, were 
soldered at their lower ends into a copper steam pipe A and at 
their upper ends into a thick copper plate B, 4mm. thick, 
forming the base of the water calorimeter. The latter was 
chosen for two reasons, firstly, because it is more convenient 
and in accordance with. practice, and, secondly, because an 
exact knowledge of the specific heat of the copper of the calori- 


Fig. 4.—TuermMan Conpveriviry oF 4 Narrow Bar By a Mopirrep 
Gray’s APPARATUS. 


meter is not required. The use of four narrow bars, and not a 
single one of the same total cross-section, is necessary in order 
to ensure a large area of transmission of heat to the water, and 
thus minimise the difference of temperature between the latter 
and the upper ends of the bars. A measurement with thermo- 
junctions attached to the bars showed that the error, com- 
mitted in assuming that the terminal temperatures of the bars 
were identical with the stesm and water, if this be kept stirred, 
is of the order of 4 percent. The error in some experiments on 
thermal conductivity, arising from the use of several thermo- 
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meters, for the measurement of temperature gradient and con- 
ducted heat, may amount to 2 or3 percent. if the thermometers 
have not been previously compared and corrected for stem 
exposure. Hence, in an elementary experiment it is justi- 
fiable to make an assumption like the foregoing and reduce the 
measurements as much as possible. The steam pipe, bars and 
calorimeter were lagged with cotton wool, and exchanges of 
heat between the calorimeter and its surroundings can be 
compensated by Rumford’s method. 

The final expression for the thermal conductivity approxi- 
mates to the ideal one that holds for steady flow conditions, 
and the experiment can yield almost as good a result as other 
experiments in the absence of refinements and troublesome 
corrections. 


Method of Measuring Poisson’s Ratio for a Rectangular Beam 
or Lath. 


The beam is bent into an arc of uniform curvature by equal 
couples applied to the two ends as shown im the figure. Let 


Fia. 5.—Mertruop of Measurine Porisson’s RATIO FoR A RECTANGULAR 
Bram. 


R and r be the clastic and anti-clastic radii of curvature respec- 
tively. Then Poisson’s ratio 
o=—. 
r 

The clastic radius of curvature is easily calculated from the 
elevation of the centre of the beam, and the distance between 
the knife-edge supports. To determine the anti-clastic radius 
of curvature I attached, at a little distance from one of the 
knife edges, two strips of plane mirror glass, A B, to the ver- 
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{ical sides of the bar, so that viewed from the front of the figure 
their surfaces overlapped. A vertical illumimated scale was 
set up to one side of the common normal to the two mirrors 
at a distance of about a metre from the beam. A telescope was 
directed towards the mirror A, so that an image of the scale § 
formed by two reflections at the mirrors could be seen in the 
field of view. The anti-clastic curvature was rendered in this 
way qui‘e evident and easily measurable. The mirrors were 
fixed near to the knife-edge support to minimise their elevations 
on bending the beam. 

Let s be the change of scale reading on bending the beam, 
d the distance of mirror B from the scale, and 26 be the distance 
between the mirrors. Then the change of angle between the 


mirrors is and the anti-clastic radius of curvature 


1s 
2d+b’ 


24 (Fry 


s 


If the ends of the beam be gripped in the two hands and an 
image of the horizontal bar of a distant window be viewed after 
two reflections at the mirrors A and B, then the existence of the 
anti-clastic curvature on bending the beam at once becomes 
evident by a displacement of the image. The value of Pois- 
son’s ratio for a boxwood scale obtained in this way was 0-29. 


A Method of Measuring the Coincidence Period of Two 
Pendulums. 


Each pendulam was fitted at its lower end with a platinum 
wire which made contact with a narrow pool of mereury at the 
centre of its swing. The knife-edge support and pool of one 
pendulum were connected electrically in series with the pool 
and knife-edge support of the other and with a cell and a tele- 
phone receiver. Thus, a click in the telephone was heard 
whenever the pendulums made contact simultaneously with 
the pools of mercury. The clicking in the telephone will per- 
sist over a short interval of time, which will depend on the 
widths of the pools of mercury and the amplitudes of the 
pendulums. This interval in one case was 10 seconds when 
the coincidence period was about 7 minutes. The coincidence 
period can in this way be measured correctly to one or two 
seconds, and the change of period of a Kater pendulum with 
diminishing amplitude can be readily detected. This method 
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appeals to students on account of its simplicity, and the only 
unfortunate feature of the device is that very little is left to 
test the skill of the student. 


Achromatic Interference Fringes. 


The number of visible fringes in white light produced with 
the aid of a Lloyd’s mirror can be considerably increased by 
interposing a simple grating, G, of about 20 or 30 lines to the 
millimetre between the slit S and the Lloyd’s mirror M (Fig. 6). 

The mirror M consisted of a strip of good plate-glass mirror 
30 cm. long and 5 em. wide, with the silvered surface exposed 
to the light from the slit. The varnish at the back of this 
mirror was removed with turpentine and the film of yellow- 
scaly oxide underneath this by caustic potash. The silver 
surface was then washed, dried and polished with a pad of 
chamois leather. The vertical edges of the mirror were 
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Fic. 6.—Acuromatic INTERFERENCE FRINGES. 


blackened to obstruct the transmission of light through the 
glass. 

The grating was made by ruling the lines on a smoked-glass 
plate with a simple dividing engine in the following way: The 
anvil of a micrometer screw gauge was removed and the handle 
was firmly clamped to the edge of a table. The rounded end 
of a rod about 4 ft. long was inserted in the place of the anvil, 
and pressed against the screw by an elastic band. A specially 
pointed needle was fixed to the other end of the rod, and this 
was guided with a cork handle during the ruling. The greater 
part of the weight of the rod was supported by a counterpoise 
to reduce the pressure on the needle point and minimise the 
bending of the rod. The smoke on the glass plate was made 
more than usually adherent by flowing over it a weak solution 
of shellac in alcohol. To obtain the best results the first order 
spectra should be of predominant intensity and this was 
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effected, in accordance with theory, by making the opaque and 
transparent elements of the grating of nearly the same width. 
The slit S was adjusted to a width of about 0-05 mm., and 
was illuminated by the light from a Nernst filament N. The 
mirror M was adjusted so that its surface was parallel to and 
in a line with the slit, in which position only the diffraction 
fringes were observable with an eye-piece at a distance of about 
50 em. from the slit. The grating G had abou* 30 lines to the 
millimetre, and all but a width of a millimetre was screened from 
the light from the slit. The grating was arranged at a distance of 
about 5 cm. from the slit, with the rulings nearly parallel to the 
length of the slit, and just in front of the mirror M. The best 
width and position of the narrow grating is that in which it will 
just admit the first order spectrum to the mirror M. The 
direct white light from the grating will then fall to one side of 
of the mirror and interfere but little with the distinctness of the 
fringes. If the distance of the grating from the slit be in- 
creased to about 10 cm. the colour of the fringes can be varied 
without altering their width by moving the grating laterally. 


The lineal displacement of an element of the vertical spectrum, 


of such a grating from the slit is very nearly proportional to its 
wave-length, and therefore the condition for the production 
of achromatic irmges is fulfilled. Interference beiween the 
lateral spectra of this grating will give the same result without 
the mirror M, but only if the diffracted beams overlap. For 
instance, in the above experiment, if the mirror M is removed, 
the achromatic fringes will not become visible until the width 
of the grating is such that, in the neighbourhood of the eve- 
piece, the diffracted beams overlap. Moreover, it is necessary 
that the lines of the grating should be more strictly parallel 
to the slit, whereas with Lloyd’s mirror this adjustment need 
not be so exact. 

Interference between spectra of higher order than the first 
will occur as the width of the grating is increased, but since 
these spectra are comparatively faint, the interference effects 
are scarcely observable, except with monochromatic light. 
The direct light from the grating interferes somewhat with the 
distinctness of the fringes, but not to the extent that one would 
at first imagine. The whiteness of the fringes is also impaired 
by an admixture of diffracted coloured pencils of light, but 
this adds to the colour effect and appearance of the fringes. 

The direct light can be made very feeble by using a trans- 
mission grating in which the elements are of equal width, and 
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alternate elements are made of a thin film of gelatine of a thick- 
ness sufficient to retard the light by half the average wave- 
length of the most intense portion of the spectrum. I have not 
been able to procure such a grating, but its effect can be seen by 
viewing a sodium flame on a batswing burner edgewise through 
a small portion of the edge of a phase-reversal zone plate. The 
direct image of a white source of light will be coloured according 
to the element of the spectrum that is suppressed by the phase- 
reversal. The direct image will be very faint and the first 
order spectrum will appear almost as bright as the direct 
image given by a smoked-glass grating. Such a grating for the 
particular purpose of this experiment ought to give better 
results than the grating on smoked glass. 

It may also be remarked that the structure of a phase- 
reversal grating which is almost invisible in diffused light, 
becomes easily visible under the conditions of this experiment 
owing to the appearance of the fringes formed by interference 
between the lateral spectra. If the slit be widened these 
frmges would vanish, and the grating would present almost 
the same appearance as in diffused light. The same remark 
applies to the case when the grating is viewed through a micro- 
scope. 

ABSTRACT. 
CONDENSATION CALORIMETERS FOR THE MEASUREMENT OF LATENT 
AND Speciric Hxats. 

(a) Itisshown how an ordinary vacuum jacket flask can be converted 
into a suitable condensation calorimeter. Errors arising from loss 
of heat and wetness of the vapour are almost eliminated by making 
two experiments. 

(6) Another condensation calorimeter is constructed on a different 
plan with a view to the elimination of the same errors. 

Tor THERMAL Conpuctivity oF A Narrow Mera Bar. 


Gray’s apparatus for the measurement of the conductivity of a 
narrow bar has been modified for the purpose of rendering the loss of 
heat relatively small and reducing the time taken in the measurement, 
thus introducing the experiment to the elementary stuclent. 


Tur MEASUREMENT OF Porsson’s RaTIO FOR A RECTANGULAR LATH, 
Two mirrors are attached to opposite sides of the bent lath for the 

measurement of the anti-clastic radius of curvature, and Poisson’s 

ratio is then deduced from the observations in the usual manner. 


A Mernop oF MEASURING THE COINCIDENCE PERIOD or A KATER 
AND A CLOCK PENDULUM. 


The Kater and the clock pendulums are electrically connected 
go that when at the centres of their swings a momentary current 
passes through a telephone receiver. 
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A DIFFERENTIAL TELEPHONE RECEIVER. 


An ordinary receiver is connected to the secondary of a simple 
differentially wound transformer, and it is thus converted into a 
differential receiver for the purpose of electrical measurement. 


EXPERIMENT ON INTERFERENCE FRINGES. 


The fringes produced by a Lloyd’s mirror in white light are nearly 
achromatised by a simple grating on smoked glass. Other suggestive 
interference effeets with the grating are also described. 


DISCUSSION. 


Mr. F. E. SmitH asked why in the thermal conductivity experiment 
four rods were used instead of one of four times the cross-section ? 

Mr. H. Moors admired the ingenuity of the pendulum experiment, but 
thought that to make an experiment too simple and free from corrections 
made it much less instructive to students. He thought the eye and ear 
method of observing coincidences was one in which students should be 
trained as much as possible. 

Mr. JorpDAN, in reply to Mr. F. E. Smrrg, said that the use of four thin 
rods rather than one thick one was advisable, as there was a smaller 
temperature drop between the end of the rod and the calorimeter when 
the former was thin than when it was thick. 
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XXXYV. The Coefficient of Expansion of Sodium. By Bvaar A. 
GrirFitus and Ezer Grirrirus, M.Sc. 


RecnrveD May 20, 1915. 


Lhe Coefficient of Expansion of Sodium. 


InrRopuction.—The experiments recorded in this Paper were 
undertaken with the object of ascertaiming the variation in 
the coefficient of expansion of sodium in the vicinity of it: 
melting point. 

The datum is of interest in its bearing on the modern theorie: 
of specific heat since the square of the coefficient of expansion 
1s one of the factors which enter into the calculation of the 
difference between C,, the atomic heat when the metal is 
free to expand and C,, the atomic heat at constant volume. 

Theoretical formule for the representation of C, ard its 
varjation with temperature have been given by various writers, 
notably Einstem and Debye. 

Einstein based his reasoning on the quantum-theory of 
energy and the assumption that the atoms in a solid oscillate 
about fixed positions, the atomic system being equivalent to 
e number of Planck’s resonators, while Debye proceeds on 
the supposition that the heat vibrations depend on the elastic 
forces in sucha way that the longest heat waves are identical 
with elastic vibrations. 

On account of the experimental difficulties of the problem, 
direct determinations of C, have not been attempted in the 
case of solids, and consequently to test the theoretical formule 
is is necessary to deduce C, from a knowledge of C, and ihe 
thermodynamic relationship * between C, and Cy. 

In the case of sodium it has been shown that C, increases 
very rapidly with the temperature as the melting point is 
spproached, rising from 6-5 at 0°C. to 7-5 at 96°C.F 

Since the limiting value of C, for an element at high tem- 
peratures is approximately 6, it seemed of interest to test the 

* Cp,—C,=a?evAt. 

Where a is the coefficient of cubical expansion. 

Ces ep volumetric elasticity. 
» ,, reciprocal of the density. 


. A ,, atomic weight. 
t ,, absolute temperature. 

Norr.—In Phil. Trans. Roy. Soc. A. 518, p. 339, Vol. 214 (1914), the 
atomic weight coefficient (A) was inadvertently omitted in writing down 
ihis relationship between Cp and Cy. 

+ “ Proc.” Roy. Soc., p. 561, Vol. UXX XIX. (1914). 

KK2 
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validity of the theoretical formule for a metal near its meltmg 
point by determining the data necessary for the calculation of 
C,—C,. 

Theory of Method. 

On account of its plastic nature and the tendency to oxidise, 
the ordinary methods for the determimation of the coefficient 
of expansion cannot be applied io sodium. 

The method described in this Paper was devised to overcome 
these difficulties, and the principle upon which it is based is to 
measure the difference in expansion of a volume of sodium and 
an equal volume of glass or of quartz by differential weighing 
under oil at various temperatures. 

The essential features will be seen from an examination of 


Fig. 1. 
Let W be the true mass of the sodium. 

w ,, ,, true mass of the containing envelope. 

W,., >» apparent mass of the sodium in oil at tem- 
perature ¢,. 

W1 >, >; apparent mass of the envelope in oil at tem- 
perature ¢,. 

X ,, ,, true mass of the compensating globe. 

X,., -» apparent mass in oil at temperature ¢,. 


Volume of sodium at temperature 1s , Where d, is the 
1 
density of the oil at ¢,. 
If K is the coefficient of cubical expansion of sodium, volume 
at temperature ¢, 
W-—W , 
relate ae [1+-K(t.—¢,)]. 
1 
If g is the coefficient of cubical expansion of the glass. 
volume of glass envelope at temperature ¢,, 
w 


= [1-+9(t2—t)} 
1 


Volume of compensating globe at temperature t, 
X—X 
“= d, * [l+-9(tg—t))1. 
If Z is the additional mass required to preduce equilibrium 


when the temperature is changed from ¢, to t,, then Z/d, is the 
volume of oil displaced by the expansion of the sodium and its 
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envelope relative to the. compensator, where d, is the density 
of the oil at ¢. ; 
Hence, 


4_W2W; Arpad eles 
Z~g, Ut Key 5 


= [1+-g(t,—t,)] 
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Now, by the preliminary adjustment, 
W—W,tw—w,=X—X,. 
Z _(te—t,)(W— W1)(K—g) 

’ dy d, 

Zd, 
Riis: (tg—t,)(W —W,)d, 


Hence, 
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Description of Apparatus. 

In the actual observations the glass envelope containing the 
sodium was suspended from the left-hand pan of a 10cm. 
beam balance while the sealed glass bulb was suspended from 
the right. 

The tank contained transformer oil which could be heated to 
any desired temperature by means of a resistance coil, the 
wire being wound around the outside of the tank over a shee® 
of asbestos cloth. 

The suspension wires were made equal, so that the two 
globes were symmetrically placed and close together. 

Before taking observations the bath was heated to near the 
desired point, and the stirring continued for some time after 
switching off the energy supply. 

The weighings were taken as soom as possible after the 
stirring had been stopped, to avoid the possibility of errors 
due to non-uniformity of temperature in the region of the 
lobes. 

The procedure adopted in setting up the apparatus was as 
follows :— 

The glass envelope was dried and weighed together with a 
well-fitting cork. It was then connected by means of a short 
piece cf wide tubing with a distilling flask containing dry 
sodium, and the interior thoroughly exhausted. 

The sodium was heated to the molten state and, by careful 
(ilting, poured into the envelope, the oxide being left in the 
larger flask. 

When the sodium had solidified, the vessels were discon- 
nected, and the envelope corked and weighed. It was then 
suspended in the tank, and the temperature of the oil raised 
past the melting point of sodium. By a little stirring of the 
molten metal all the gas bubbles were removed and a film of 
oil formed around the sodium. 

When the oil had cooled down to room temperature the 
apparent mass of the sodium and envelope were determined 
when immersed in the oil and hence the volume displaced. 

The volume of the compensating bulb was chosen to be equal 
to that of the sodium and envelope within a few cubic centi- 
metres and then an additional small bulb was blown to bring 
the adjustment within a fraction of a,cubic centimetre. 

The final adjustment was made by fusing on minute bits of 
glass to the long sealing-off stem. 

By a few trials it was possible to make the loss in weight in 
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oil of the compensator the same as that of the sodium and 
envelope to within very narrow limits. In the present case 
the loss in weight on immersion was adjusted to a residual 
inequality of 0-02 gm.—i.e., 0-023 cubic cm., and since the 
displacement of the sodium was 250 cubic em. the compensa- 
tion was correct to better than one part in 10,000. 


Results. 


As the experiments were regarded as being merely of a 
preliminary nature, it is unnecessary to record all the data 
obtained, and the following observations are selected at 
random from the records :— 


Weight of sodium in air = 242-868 gm. 
a Pear | es 99-342.,/ 
», of vil displaced 22213-5260 -;, 

Density of the oil at 17 deg. = 0-854 ,, 


Hence volume of the sodium 250-03 cubic em. 


TABLE [. 


Column J. Temperature of the bath. 
If. Additional weight to produce equilibrium, the balance being 
counterpoised at 17 deg. 
Ill. Relative increase in volume of the sodium. 
IV. Increment per cubic centimetre. 
V. Absolute increase of unit volume at 17 deg. after correction for 


the glass. 
1 ae Bogie Se ME 
T " t Equilibrium ee | Increment Absolute 
eee | weight. Fi i per cubic cm. increase. 
increase. 

25-34 0-295 0-348 0-00139 0-00161 
43-11 1-057 1-261 0-00504 0-00572 
| 61-13 1-790 | 2-162 | 0-00865 0-00979 
| 70-90 2-158 2-625 0-01050 0-01190 
| 91-34 | 3-025 3-737 | 0-01495 0-01688 

100-21 8-625 10-728 | 0-04291 0-04507 

76-90 2-428 2-966 | 0-01186 0-01342 

54:36 1-505 1-810 0-00724 0-00821 
23-12 0-240 0-282 0-00113 0-00129 
| 80-65 2-560 3-137 0-01255 0-01420 

96-46 3-190 3-956 0-01582 | 0-01789 
| 98:12 | 8-530 10-590 | 0:04235 | 0-04446 


Some of the observations are shown graphically in Fig 2. 

The value of the coefficient of cubical expansion deduced 
from these observations is 0-000226 per deg., and the change in 
volume on passing from the solid to the liquid state amounts 


to 2-57 per cent. 
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The experiments also give the value 0-971 for the density of 
sodium at 17 deg., and the value 0-930 for the molten metal at 
its freezing point. 


Calculation of C;,—C>. 
Taking the value 6-5 10!° for the coefficient of volumetric 


elasticity as determined by Richards (Jour. Chem. Soc., 
1911), and calculating the difference between C, and C, for the 


Incrcment in Volume. 


10 20 30 40 sO 60 70 80 90 100 110 
Temperature Degrees Cent. Melting Point. 
Fie. 2. 


temperature of the melting point (370-6 deg. abs.), we have 
C, —C,=0-70. 

This is the maximum value possible for the difference since 
the coefficient of volumetric elasticity probably decreases with 
the temperature and Richard’s value was obtained at room 
temperature. Also the coefficient of expansion of all metals 
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hitherto investigated decreases very rapidly at low tempera- 
tures, and the above experiments have shown that in the 
vicinity of the melting point the coefficient of expansion of 
sodium is sensibly constant. 

Hence, the value of C, deduced trom experimental data 
exceeds the theoretical limiting value by at least 13 per cent. 

The experiments above described were intended as a pre- 
liminary series to test the method and to ascertain whether the 
coefficient of expansion presented any anomalies near the 
melting point. 

In utilising the method for further work it would be advis- 
able to use fused quartz as material for the counterpoise, since 
its coefficient of expansion is small and sufficiently definite to 
render unnecessary an independent determination of its value 
for the compensator. 

ABSTRACT. 


The thermal expansion and increase in volume on liquefaction of 
sodium were determined by a method based on the following prin- 
ciple :— 

The difference in expansion of a volume of sodium and an equal 
volume of glass (or quartz) was measured by differential weighing 
under oil at various temperatures. 

A volume of about 250c.c. of sodium was suspended from one arm - 
of a short beam balance and a weighed glass bulb of equal displace- 
ment from the other arm. 

The experiments show that sodium expands quite uniformly with 
the temperature up to its melting point. 

The value 0-000226 was deduced for the coefficient of expansion. 
In changing from the solid to the liquid state, an increase of 2°57 per 
cent. occurs in the volume. 


DISCUSSION. 


Mr. F.E. Surru expressed his admiration for the method employed and for 
the order of accuracy with which the observations appeared to have been 
made. Would it have been possible to obtain sufficient accuracy with 
the sodium in an ordinary dilatometer, the remainder of which contained 
oil, as was often done in the case of other metals ? 

Mr, A. Campsety asked if there had been no trouble from convection 
in the oil at the higher temperatures. Had the authors noticed any 
hysteresis effect in the expansion of the glass globe such as the behaviour 
of a thermometer bulb would lead one to expect ? 

Dr. C. Caren stated that the two curves which Mr. Griffiths had drawn 
on the board representing the theoretical and experimental results were 
very similar in form, which might indicate that the theory had something 
in its favour. Had the coefficient of elasticity been determined for the 
actual specimen used, or were general results assumed? He believed that 
the elasticity varied considerably in different specimens. 

Mr. J. Guirp asked what precautions had been found necessary to 
avoid difficulties due to the very uncertain capillary effects where the 
suspensions enter the oil. Was the compensating bulb evacuated ? If 
it contained air at atmospheric pressure when cold, the pressure would 


484 MESSRS. E. A. AND E. GRIFFITHS. 


increase by about a third of an atmosphere at 100°C., which would pro- 
duce an appreciable alteration in the volume of the compensator. The 
neglect of a correction for this pressure effect would be to give less than 
the true value for the expansion of the sodium, and, therefore, of Cp—Cp- 
This might account for the discrepancy between the observed and theore- 
tical values of C,, and it seemed advisable in future work either to 
evacuate the compensator or to determine its total expansion from all 
causes by a blank experiment. 

Mr. 8S. D. CHatmzrs asked if a check was made to see if the volume of 
the bulb was the same before and after the experiments. Had the authors 
tried if Lindemann’s formula would agree with their results? 

Mr. GrirritHs, in reply, said that in the dilatometer method the 
difference in expansion of sodium and oil would be measured. The 
coefficient of expansion of oil is about 10 times that of a metal, and would 
have to be determined with considerable accuracy. The method de- 
scribed was intended to measure the expansion relative to that of fused 
quartz, of which the coefficient is about 1/200 that of a metal and is 
accurately known. The expansion of the oil only affects the ratio of the 
densities at the two temperatures. The effect of convection was greatly 
reduced by the symmetrical disposition and closeness of the bulbs. No 
secular changes were found, the results obtained before and after heating 
to the higher temperatures agreeing (see Table I. and Fig. 2). With 
quartz bulbs no secular effects would be possible. The formule of 
Einstein and Debye were able to represent the general form of the atomic 
heat-temperature curve, but systematic divergencies from the experi- 
mental results occur and the theories fail to account for the abnormal 
increase near the melting point. Nernst and Lindemann’s formule gave 
a curve very similar to Debye’s (see “* Phil. Trans.”’ R.S., A., Vol. 214, 
page 343, 1914). He had assumed Richards’ value for the elasticity. 
The suspensions were of fine tinned steel wire. As the oil wetted the 
surface the capillary effect would probably be constant, and the same for 
both wires. The compensator was heated to about 200°C. when sealin 
off and, being stout walled, would be little affected by the changes o 
pressure of the residual air when heated. The expansion of the com- 


pensator was checked by weighing it alone in water at different tem- 
deratures. 
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XXXVI.—Notes on the Calculation of “ Thin” Objectives. By 
T. Smrru, B.A. (From the National Physical Laboratory.) 


REcEIvED May 27, 1915. 
Synopsis. 

ForMuL# are given for the calculation of the curves of thin 
achromatic objectives, when two aberration conditions have 
to be satisfied. A two-lens objective satisfying the conditions 
as 2 rule cannot be cemented, because the curvatures of the 
inner surfaces are unequal. Formule are given for the 
calculation of a triple objective satisfying the conditions, but 
with only two glass-air surfaces. Numerical examples are 
worked out illustrating the application of the formule to the 
calculation of an astronomical object glass, and the kinds of 
glass are determined wi‘h which a cemented doublet satisfies 
the condi ions for this case. 


Aberration Theory of Thin Lens. 


A lens system which approximates to the mathematically 
“thin” lens would merit considerable attention were there ro 
ases to which it could be put but as the object glass of a tele- 
scope. Its usefulness is not, however, limited to such simple 
instruments, but very complex systems, such as periscopes for 
submarines, may be regarded as composed of a number of thin 
lenses. In the design of these more complicated instruments 
it is important to be able to arrive without excessive labour 
at a system which produces the desired optical effect, and these 
notes deal with one aspect of this problem. The positions 
occupied by the various lenses, their focal lengths and apertures 
are not here considered ; they will usually be fixed by con- 
siderations of ihe field of view that is desired, ihe required 
magnifving power, and the mechanical limitations imposed by 
the dimensions of the body into which they are to be placed. 
Neither will the part to be taken by the several constituents in 
rendering possible the required perfection of the complex 
system be determined. It is assumed that both these problems 
have been solved, and that all that now remains to be done is to 
find how, with given kinds of glass, each subordinate system 
must be constructed to produce the effect that the previous 
investigations have shown to be necessary. 

The first order aberrations of any lens system symmetrical 


486 MR. T. SMITH ON 


about an axis are determined by six quantities. In the 
notation used by the author these are expressed in the form of 
ratios, so that they are independent of the dimensions oi the 
system. They are denoted by A, B, C, 3, B’, A’. When a 
beam of light from an infinitely distant object on the axis of the 
lens travelling in the positive direction is brought to the same 
focus by all zones of ‘he lers, A is equal to zero. When this 
condition is satisfied by :ight from an infiniely distant object 
slightly off the axis of the lens, as well as from the point on the 
axis, Bis equal to zero. A’=0and B’=0 are the corresponding 
conditions when the parallel beams of light approach the lens 
from the negativeside. The quantities C and © have the same 
meaning for light travelling in the positive direction as ior that 
travelling in the negative direction. 

The general problem of designing a system tc have arbitrarily 
assigned values for the six coefficients A, B, C, o, B’, A’ is 
probably insoluble algebraically. Were such a_ solution 
obiamable ii would almcst ceriainly be too cumbersome for 
numerical use. When, however, the system may be treated as 
thin, that is to say when the thicknesses and separations of all 
the component lenses are so small that they may for a first 
approximation be neglected, the formule for these coefficients 
take simple forms, and many problems connected with thin 
lenses may be reduced to the solution of quadratic equations. 
The values for the curvatures of the lens surfaces obtained in 
this way are often—as in telescope objectives—in agreement 
to a high order of accuracy with the values obtained, when the 
thicknesses of the lenses are taken into account. In other 
cases appreciable modifications may be necessary, but much 
time can be saved by finding the general character of each 
lens before trigonometrical or other exact methods of compu- 
tation are employed. 

In all thin systems in which the first and last media through 
which the light passes are the same—for instance any lens in 


air—the six aberration coefficients are connected bv three 
identical equations, viz. : 


A+C=2B+1, B+ B’=2C-+a, C+A’=2B/4+1. . (1) 


There are thus in any thin system only three degrees of 
freedom instead of six, as in the general case. Moreover, in 
practice, @ lies between very narrow limits, and in the majority 
of thin lenses it is definitely fixed when the kinds of glass to be 
employed are known. There are therefore only two conditions 
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which can in general be satisfied by a thin lens. In the 
numerical illustrations which follow, the conditions selected 
are those required in an astronomical objective, viz., that the 
outer zones of the lens shall have the same position for the 
principal focus, and have the same focal length as the central 
zone, or stated in technical terms, the system is to be free from 
central spherical aberration, and from coma for an infinitely 
distant object. The algebraic formule given below can, of 
course, be applied to find a system having any desired values 
of the aberration coefficients consistent with equation (1). The 
probiem already mentioned of finding the properties each thin 
system is to have is supposed to have been solved in the form 
of assigning to these coefficients values consistent with these 
three conditions. 

The coefficients by which the aberrations are measured can 

easily be calculated for a thin system having any number of 
spherical refracting surfaces. Suppose the number of these is 
n; let them be identified by the numerals 1, 2, 3, 
2, . . . # where the numbers indicate the onion m which 
the surfaces are met by a beam of light traversing the system 
in the positive direction. Let their curvatures be denoted by 
Poke ee eae oe. oH, ,ithecurvature.of any 
surface being positive if it is convex to incident light travelling 
in the positive direction. The powers of the surfaces will be 
ferore Ue hee. ee Wa? a, ok. (Ky with the 
usual convention as to sign. The refraciive index of the medium 
between surfaces 2 and 2+-1 being wa, we have o=,=1 and 
Ka=Ra(ma—ma-,). It is convenient to suppose that the focal 
length of the thin system considered is unity, so that 


Wee ek ey KL 
The chromatic condition is of the form 
0—6K,+6K,+6K,;+ .. . +6K, 
=(R,—R,)dm,+(R,—Rs)du.z+ © + (Rn-1— Rn) Opn). 
If K,, be written for K,+K,+K,+ . . . +K, the 


values of A, B and wm may be ages from 


A=1+2R,(K,B> —2 aaron was) 
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where the summations are to be taken cover all the surfaces of 
the system. The values of the other coefficients may be found 
at once from the relations (1). It should be particularly noted 
that o is independent of the shape of any of the lenses, and is 
not altered by any rearrangement of them or by dividing up 
any lens to any extent, so long as the total power of the lenses 
made of each kind of glass remains the same. It may be 
expressed in the form 


p= 2 (sum of powers of all lenses of refractive index »)\ 
lu 


where the summation is taken for all kinds of glass present in 
the system. 
Uncemented Double Objective. 

For constructive purposes the formule for the aberration 
coefficients may be conveniently arranged in another way. 
Let it be supposed that an objective is to be constructed of two 
kinds of glass of refractive indices uw and yw’, and that the 
focal length is to be the same for two colours for which the 
differeaces of refractive index are du and dw’. 


Put R,=R+1, R,=r, Ry=1r’, Re=r’—R’, =s=u=1, 
4=, Ps=e’, K,4K,=K, K,4+-Ki=K’, K+ K’=1. 


Then K=R(u—1), K’=R‘(u’—1) and the chromatic 
eondition is O=Rdu+R’du’, and therefore 


where pos, yy’! 


of ea 


kK Ne ‘ 
Also ee and all quantities are determined except 


rand 7’. The two remaining aberration conditions are to be 
satisfied by a proper choice of these two quantities. 

As there is frequently no a priori reason for placing the 
component lenses in one order rather than the reverse, it is 
convenient to put the formule in such a way that they can be 
as readily applied to the one case as to the other, and so far as 
possible avoid additional numerical work. The quantities 
to be expressed in terms of 7 and 7’ may therefore be C and 
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(B’—B). The reduction is easily made from formule (1) and 
(2), with the results, 


C=KR?+K’R?4 2KK(R+R’—a) 
, ) 
+Kr{ar-p2k/ "kK } 
Le 
_K’r' {sR/-+2K4+—(K—K’)} 
u 


+Krt(1+2)+K’r (14-5) . (3) 
and 


B’-B=2 {KR-K’R'+K:(1+-) 
+Kr(1+=)} —(K—K’\o 


By the second condition 7’ is expressed as a linear function of 
r,and by substituting this value in the first condition a quadratic 
equation is obtained for r. When this is solved the system 1s 
completely determined. As an illustration of the use of these 
formule let it be required to find the possible forms for a two 
lens astronomical telescope objective using the glasses for 
which Steinheil and Voit* carried out their investigations. 
The conditions to be satisfied are C=1, and when light 
approaches from the positive direction B’—B=2+a, or 
from the negative direction B/-B=—(2+a). The values 
to be assigned to 

KR—K’R’+rK (4a)+0R (1+) 
are thus 1+Ko and —(1+-K’o) respectively. 

The glasses employed are 


Mp=1-51806 
by =1-53356 


y= 1-61358 


Grown Flint |e 1.64952 
giving for the D line 


K=2-7348, K’=—1-7348, R=5-2789, R’= —2-8273, 


pak © 21-8015 —1.0751=0-7264. 
a 
* “ Handbuch der Angewandten Optik.” 
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The condition C=1 gives 
6-3378r2 —3-8851r’2-+ 17-71 77r+-4-3848r’+ 44-9734=0. 
B’—B=2-+o gives 
4-5363r —2-8099r’+ 6-5454—0, 
and B’/—B=—(2+@) gives 
4-5363r —2-80997’+-9-2718=0. 


The solutions are 
r= —3-6410 r=+2-4732) r= —5-2443) 
ee 3.5486 f 

the first two for parallel light incident on the crown lens, and 


the last two for parallel light incident on the flint lens. These 
forms are illustrated in Fig. 1 on the same scale as Steinheil & 


r=+0-8630) 
+ = 46.3221)” r= —5-1666) 974 7 —+-4.6929) 


Fie. 1. 


Voit’s figures. Of these four forms the second and fourth 
are probably never used. It usually happens when alternative 
forms are available that the one involving the least curvatures 
is adopted, the probability being that with this construction a 
larger aperture can be used than with the other forms before 
the higher order aberrations become perceptible. 

In the more desirable forms the curvatures of the inner 
surfaces are nearly, but not quite, equal to one another. This 
result is true of nearly all the glasses likely to be used in 
telescope construction. It is often a decided advantage to 
employ an objective in which these surfaces are of equal 
curvature and are cemented together. A very appreciable 
gain in the amount of light transmitted is secured by eliminat- 
ing glass air surfaces in this way. In some cases it is not 
necessary to satisfy the assumed conditions to a high order of 
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accuracy, and mathematical exactitude in the removal of 
aberrations may be sacrificed to gain increased light trans- 
mitting qualities. It might be supposed, for example in the 
first solution obtained above, that the effect of slightly altering 
the shape of one or both of the lenses to make their curvatures 
alike, would be of little consequence, except perhaps in the 
case of a large objective, the difference in curvature being too 
small to be perceptible from the diagram. If we perform the 
calculations putting firstly r=r’=—3-6410 and _ secondly 
r=r =—3-5486 we find that the aberration coefficients have 
the values A=—3-5052, B=—3-2456 and A= —3-4114, 
B= —2-9923 respectively. It will be observed that the signs 
of the errors introduced are the same, whether the crown lens 
is bent towards the flint or the flint towards the crown. An 
idea of the magnitude of the errors to which the above numbers 
correspond may be formed by comparing them with the values 
for a single thin lens of refractive index 1-5. If such a lens is 
planoconvex with the convex side towards the incident light, 
its coefficients will have the values A=21, B=22 ; if it is equi- 
convex A=3}, B=2; if planoconvex with the plane side 
towards the incident light A=9, B=6. Thus the spherical 
aberration introduced by making the combination cemented 
with the minimum change of shape is about equal, but opposite 
in sign, te that of the equiconvex lens, and the coma (measured 
by A—B) is approximately equal and opposite in sign to that 
of the planoconvex lens with the curved surface turned towards 
the incident light. : 

When central spherical aberration is present, rays incident 
parallel to the axis on the zone of diameter d will meet the axis 
at a distance Ad?/8/ nearer to the lens than the principal focus 
for paraxial rays, where / is the focal length of the lens. The 
diameter of the so-called circle of confusion in the paraxial 
image plane is Ad3/8/?. Coma has been described as a zonal 
variation of the focal length, but this description is not strictly 
accurate, Inasmuch as when it is present all rays from the 
same zone do not meet the image plane in one point. Rays 
from diametrically opposite points of any one zone meet the 
image plane in one and the same point, and the fact that both 
rays in an axial or primary plane do so agree is probably 
responsible for this way of expressing the meaning of coma. 
Rays in a primary plane meet the paraxial image plane in the 
points determined by assuming the focal length to be 
/+3(A—B)d?/8/, and rays incident in 2 secondary plane as 
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though the focal length were /+(A—B)d/8/. Rays from other 
parts of the zone meet the image plane in the circle having the 
image points for rays in the primary and secondary planes as 
the extremities of a diameter. When coma and central 
spherical aberration are both present their effects.on each ray 
are additive. In the lens taken as an illustration, if the 
aperture were one-tenth the focal length, the longitudinal 
spherical aberration introduced by modifying the lens to the 
extent necessary to enable the crown and flint glasses to be 
cemented together, would be nearly } per cent. of the focal 
length, and the coma would correspond to a decrease in the 
focal length for the outer zones amounting to about one-eighth 
of 1 per cent. For many purposes such errors would be quite 
inadmissible. Before turnmg to systems which satisfy the 
conditions, and at the same time have only two glass air 
surfaces, we may note one or two cemented lenses of the type 
so far considered. With the above glasses, when there is no 
coma with the crown lens leading it is found that 


r=r=—3-7914, A=—3-5684, 
and with the flit lens leading 
r=r =—5-3707, A’=—2-9842. 
‘When spherical aberration is corrected the solutions are 


r=r’ = —5-0080) q ee 
B=—2-1003) ™ B=+2-0645 


with the crown lens leading, and 


r=r’ = —4.0947 
B’ = —2-2027 


r=r = —6-3242 | 
B’—-+1-6462} and | 
with the flint lens leading. Of these four solutions the second 
has the crown lens very approximately equiconvex, and the flint 
plano concave; this form is frequently adopted for small 
objectives on account of its small manufacturing cost. 


Effect of Bending Thin Objectives. 


When a lens system must have all its inner surfaces cemented 
together, only one degree of freedom is present apart.from those 
obtainable by changes in the kinds of glass used, in the number 
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of component lenses and in the order in which they are arranged 
on the axis. In a thin lens this freedom is exercised by increas- 
ing the curvature of each refracting surface by the same 
amount. On substituting in equations (2) r+R, for R,, 
K,-++7(M —,~1) for K,, and K,,,+-1r(u, —1) for K,,,, where ris 


A’ 


/ 


3 | 


—25 —2.0 —1'5 —170 —0°5 0 0°5 1:0 15 2:0 2:5 
Fig. 2. 


the increment of curvature of each surface of the system it will 
be found that 


O=Oyt-r(2By’—2B,—SK,R,)+r(1+2a).| 
and B’—B=B,’—B,+-2r(1+-o) ee 


where the suffix 4 is attached to the values of the aberration 

coefficients for r=0. Thus when these coefficients are known 

for any thin system, the effect of any bending of the system as 

a whole is determinable at once when XK,R, has been found 
LL 2 
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for the unbent system. Each product contributing to this 
sum has already been evaluated in the course of finding the 
aberration coefficients by equations (2). ; 

The standard form for the equations expressing the effect 0 


My 
wy 


—25 —20 -1'5 —10 —0O'5 0 o'5 10 15 20 25 
Fie. 3. 


bending may be taken as that for which r=0 when C is a 
minimum. The equations then become 


A=A, —2r(1+o0)+r(1+20) 
B=B, — r(l+o)+r(1+20) 
OG, +r(1+20) 
=B,'+ r(1+o)+r(1+20) 
=A)p+2r(1+o)+r(1+20) 
The curves expressing the variation of the coefficients with r 
as independent variable, are thus equal parabolas with their 
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axes vertical and separated horizontally at equal intervals of 
(1+20)/2+o0). Fig. 2 shows these curves for a single 
lens ot refractive index 1-5. In Fig. 3 the curves for cemented 
doublets made of the glasses used in the foregoing numerical 
illustrations are given. In the case of the single lens the curves 
lie wholly on the positive side of the axis of abscissee. In the 
other case the curves cross this axis. The cemented lens is 
overcorrected for a distant object in that the intersection of 
curves A and B lies on the negative side of the axis. It is 
evident from the fact that a cemented doublet is overcorrected 
when made of the usual glasses, but is undercorrected when 
the refractive index has the same value throughout the lens, 
that it is theoretically possible to choose two glasses such that 
the intersection of the curves A and B will lie on the axis when 
the system is corrected for colour and is also cemented. The 
practical realisation of these conditions depends upon our 
ability to make glasses of the required relative dispersions, 
having regard io the values of the refractive indices. This 
question is dealt with later ; meanwhile it is worth considering 
how the conditions can be fulfilled for a cemented achromatic 
objective when it has to be made of two given kinds of glass. 


Triple Cemented Lenses. 


The simplest way of attempting this is to assume that two 
lenses will be made of one kind of glass, and that the lens of the 
other kind will be cemented between these two. Such a 
system can be regarded as built up of two cemented achromatic 
doublets placed back to back. Now the aberration coefficients 
of a compound system composed of two similar systems placed 
back to back are easily expressed in terms of those of the 
components. Let large capitals denote the aberration 
coefficients of the compound system, and small capitals those 
of the simple systems. If the compound system of power 
unity be made up of simple systems of powers 1—6 and 6, the 
relations 


C=0+6(1—0)(4—4B-1) 
and 


B’ — Bea —26)(A—4B-1430+-0) 


hold whether the simple systems are thin or not. When the 
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simple systems are thin these relations reduce, in virtue of 
equations (1) to 


C =c—6(1-0)(2B+-0)=C —6(1—9)(3C-+ —B’+B) | 
and por 


B_ B= -26)(B’—B) 


Let the value of SK,R, for the simple system be denoted by 
o ; then for the compound system YK, R,=(1—26)c. Com- 
bining with equations (5) the resulting change in the co- 
efficients due to a change of curvature r in each surface from 
equations (4) we obtain the generalised formule 


C=c—6(1—6)(2B+0)+-r(1—20)(2B’ 2B —o)+-r°(1+4+-25 


)) 

; (6) 
B- Bea -—26)B’—8)42r(145) j 
giving the effect of combining two systems together and bend- 
ing the combined system to an arbitrary extent. In order 
that the coefficients may be those for a system with only two 
glass air surfaces it is only necessary that the sub-systems, in 
addition to having their imner surfaces cemented together, 
should have their last surfaces plane in the form to which the 
values of C, B’—B, and o used on the right of equations (6) 
refer. 

The form of these equations shows that the general problem 
of satisfying two aberration conditions is resolved into the 
solution of a quadratic equation. Thus—apart from the 
occurrence of imaginary roots—four thin cemented achromatic 
triplet objectives can be made with two given kinds of glass to 
satisty two arbitrary aberration conditions, two of them having 
one kind of glass enclosed between lenses of the other kind, and 
two with this glass enclosing a lens of the second type of glass. 
Since the triplet form provides solutions of the general problem 
we have been considering there is nothing to be gained by the 
consideration of thin systems of a more complex type. With 
the Steinheil & Voit glasses, it is readily found that a double 


* These results may of course be verified by substituting in formule (2) 
for the powers, curvatures and refractive indices the following series of 
values :— 

(1—6@)K,, (1—6)K,, (1—6) Kg, . . -(1—@)Kn, 0K, ORn—y, Ky 9,. . .OKy, OK, 
(1—@)R,, (1—#@)Rg, (1—@)Rg, BOP (1—@)Ra, —ORa, —ORn-~1s —O9Rn-», a -—9Rg, —OR, 


I, Myy Moy Bg ye es Mn-yy ly Ma-y Mn-9y + + ++ Mes Bay 1, 
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cemented objective with the second surface of the flint lens 
plane has 


C=3-0890, B’—B=6-0551, YK, R,=3-8778, 
and therefore for a cemehted triplet 
C=2-452872+ 8-23297r(1 —26) —3-93836(1 —0)-+3-0890 
B/ —B=3-4528r+ 6-0551(1—26), 
the solutions of which when C=1 and B’—B=2-+-o are 


6—0-1783 \ | pee) 
r= —0-3385!) BP" 7-9-0045)’ 


giving for the curvatures of the four surtaces 


1-6758 2-3811 
—2-6616 1-5701 ; 
0-1657 and 4.3974. | respectively. 
—0-7758 —0-0705 


In the doublet with flint lens leading and last surface plane 
O— —2-3528, B/—B=2-4097, XK,R,=1-0259, leading to 
equations for this form of cemented triplet 


C=2-45287r2+3-79357r(1 —26)+ 8-74170(1 —8) — 23528 
B’ —B=3-4528r-+2-4097(1 —20) 
and to the solutions 


§=0-6389) . Sula 
r=0-9835) 994 7=0-5397J” 


with curvatures 


1-8688 2.2044 

2-8897 4.1244 mG 
9.3892 and __4.j54@f Tespectavely. 
—0-5828 OAL 


As was to be expected the curvatures compare favourably 
with those for the double forms of objective satisfying the 
same conditions, viz. :— 


1-6379 77521 2-3393 —7-5202 
—3-6410 2-4732 5-1666 —4-6929 
—3-5486(? 6-3221)’ 5-2443(? —0-8630[° 
—0-7213 9-1494. —0-0346 —4-4159 
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It will be noted that one of the forms with crown glass 
outside is slightly better than the more favourable form with 
flint outside, as regards smallness of curvature, and that the 


Ua 


other two forms are not as satisfactory in this respect as the 
best doublet form. The four triplets are illustrated im Fig. 4. 


Cemented Double* Objectives for Telescopes. 


From the point of view of reduced cost of manufacture a 
doublet lens is preferable to a triplet, and it is of interest to see 
what properties the glasses to be used must have if a cemented 
objective is to be free from colour and from spherical aberraticn 
and coma. Assuming a refractive index for the flint lens of 
1-6, the ratio of the dispersions of crown and flint glasses for 
various refractive indices of the crown lens is shown by the 
curve of Fig. 5. This ratio demands less dispersive power 
from the crown lens than is found in the ordinary glasses ; even 
when the v for the flint lens is as low as is obtainable with a 
refractive index of 1-6, the only glasses which satisfy the con- 
ditions are phosphate crowns, which, on account of their 
instability, are out of the question, and medium baryta crowns 


* Cemented doublets free from spherical aberration and coma for a distant 
object have been very thoroughly investigated by Harting, who has pre 
tables giving the necessary curvatures for the surfaces and the relative dis- 
persions of the glasses for given refractive indices, and has further considered 
what glass combinations satisfy the conditions. His list of possible com- 
binations does not, of course, include the fluor crown combination men- 
tioned above, as this glass has been introduced since Hartings’ investigation 
was carried out, and his tables are not sufficiently extended to include such 
glasses. Von Hoegh has given equations for the determination of such 
doublets when the object is at a given finite distance from the lens. The 
diagrams given above were obtained by a method which avoids the solution 
of a quintic equation, An account of the work of both Harting and Von 


Hoegh on this subject will be found in Gleichen’s “ Lehrbuch der Geo- 
metrischen Optik,” p. 323. 
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15 


1:0 


15 1°55 16 
Fig. 5.—REFRACTIVE INDEX OF CROWN LENS. 


1s) 1°55 16 
Fic. 6.—Rerractive INDEx oF CROWN LENS. 


500 MR. T. SMITH ON 


which require greater curvatures than is desirable. If the 
refractive index of the flint lens is increased to 1-63 the curve 
obtained is shown in Fig. 6. Here the medium baryta crowns 
are again on the curve, but this now passes through the position 
of one of the fluor crowns, which have been recently introduced 
by Messrs. Schott. So far as the published descriptions state, 
this glass appears to be in every way a desirable one to employ 
in a telescope objective. Its price is, however, much higher 
than that of the more familiar glasses. It appears undesirable 
to employ a flint of greater refractive index than 1-63, as such 
glasses are coloured and cannot be handled without risk of 
tarnishing. 


ABSTRACT. 


Lens systems which are symmetrical about an axis have in general 
six degrees of freedom for first order aberrations. Thin systems have 
only three degrees of freedom, and in consequence of the limited 
range of glasses only two degrees of freedom are practically available. 
In achromatic combinations of two lenses these two degrees of 
freedom are controlled by the general shape as distinct from the 
total power of each lens. In general when two given conditions are 
satisfied the curvatures of the inner surfaces are not equal,so that a 
cemented combination of two lenses is not possible. Owing to the 
increased light transmitting powers it is often necessary to have only 
two glass air surfaces, and thus more than two component lenses are 
necessary. The effect of bending any thin system as a whole by 
increasing the curvature of each surface by the same amount ie 
investigated, and it is shown that with two given kinds of glass a 
triple cemented lens can be formed satisfying two arbitrary aberra- 
tion conditions. The problem reduces to the solution of quadratic 
equations, and in general there are four solutions. Illustrations are 
given of astronomical objectives of both double uncemented and 
triple cemented forms, and the glasses are determined for which a 
doublet can be cemented. 


DISCUSSION, 


Mr. 8. D. CHALMERS expressed his appreciation of the Paper. One 
could get a rapid survey from it of the results which were possible. ~ The 
special problem of a lens corrected for spherical aberration and coma had 
been discussed by Harting and also by Von Hoegh. The latter had 
solved the problem on lines which seemed to him rather simpler to use. 
He did not quite agree with the author’s statement that the use of 
phosphate crowns had been entirely discontinued. Glasses very like 
these have been used fairly frequently, especially by Continental makers. 
There were cases where in computing a lens it was not desired to achro- 
matise completely ; where, for example, after correcting for spherical 
aberration and coma,some residual chromatic aberration was desirable 
to neutralise the chromatic aberration of the prisms in binoculars. 

Mr. A. Campsety asked if the small thickness of the cement used in 
cemented lenses made an appreciable difference, and if its refractive 
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properties entered into the calculations. What was the range of re- 
fractive index available in the modern optical glasses ? 

The AurHor, in reply, was surprised to hear that phosphate glasses 
were still employed in any case in which they could possibly be avoided. 
The cement used was always Canada balsam and was entirely neglected 
in all computations. A range of refractive index of 1-47 to 1-79 was 
available, but the extreme values were rarely used, 1-49 to about 1-65 or 
so being the range usually utilised. 
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XXXVI.—On Tracing Rays Through an Optical System. By 
T. Surru, B.A. (From the National Physical Laboratory.) 


RECEIVED May 27, 1915. 


THE most troublesome calculations which have to be made in 
computing an optical system are those relatmg to rays not 
lying in an axial plane. The methods hitherto used are 
trigonometrical. Perhaps the formule most extensively 
employed are those of Von Seidel. A complete account of 
them will be found in an appendix to Stemheil & Voit’s ““ Hand- 
buch der Angewandten Optik.” They may, with minor 
changes in the notation, be summarised as follows. 

Let OP and O’P be the incident and refracted rays for a 


DIAGRAM ILLUSTRATING Von SEmpEet’s MetHop oF Tractne A GENERAL 
Ray THROUGH A LENs SysTEM. 


spherical surface whose centre is at M. ake O and OQ’ in the 
plane through M normal to the axis of the system, and let Q 
be the foot of the perpendicular let fall from the point of 
refraction P to this plane. In the diagram, lines in this plane 
are drawn as continuous thick lines, and lines not in a plane 
normal to the axis are shown thin. .The interrupted lines 
refer to refraction at a subsequent surface. The angles of 
incidence and emergence are ¢ and 9’; the angles made by the 
incident and refracted rays with the axis are t; SAS 
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angles made by QO and QO’ with aa arbitrary direction MN’N 
in the normal plane are z and x’. The points M, O’ and O lie 
on a straight line inclmed at an angle ¢ with MN, so that the 
angles MON and MO’N’ are a—¢ and a’—¢ respectively. 
Let the angles MOP and MO’P be called / and 7’, the lengths 
MO and MO’ U and U’, and the radius of the sphere R. Then 
the equation of refraction is 
wv’ sin 9’ =usmn 9, 
and from the figure the relations, 
cos A=sin t cos (1—Q), 
Usin A 
K ? 
V=1A+ 9-9, 
_Rsin go’ 4 sin A 


sin o= 


/ 


singh 2 seem. A? 


sin t’ sin (x’—¢) __ sin t sin (x —Q) 
sin 1’ sin A 


t) 


sin t’ cos (7’—{)=cos i’ 
are found. 

Let the refracted ray meet the next surface whose centre is 
M, in P,; and let the notation applied to the previous surface 
hold throughout for this surface with the addition of the suffix 
1. The plane containing PQ and P,Q, is parallel to the axis, 
and Q,O, meets PQ in a point Sin this plane. The intersection 
of this plane with the plane MM,N’ is the line N’N,, and this is 
parallel to the axis. Thus 2,=7’, QN’=SN,, and the distances 
of QN’ and SN, from the axis are equal, leading to 


U, sin (x’ —¢,)=U’ sin (1-9), 
and U, cos (x’ —¢,)=U’ cos (a’—£)—c tan 7’, 
where c=MM,. The four co-ordinates U, ¢, t, a are selected 
tu define the incident ray at one surface, and the above 
equations decermine the corresponding quantities for the next 
surface, since the equation t,;=7’ follows by definition. 

These equations have the advantage of being in a form 
suitable for logarithmic computation, but the process 1s very 
tedious—-nine equations have to be solved for each surface— 
and the method does not readily indicate what modifications 
should be made in the system when the ray does not emerge as 
is desired. An algebraic method is preferable precisely 
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because it is free from this objection, and the fact that it is not 
as well suited for logarithmic work is of no importance where a 
calculating machine is employed. 

The algebraic formule to be used should, if possible, be 
comparable with those used for calculating paraxial rays. Let 
the system consist of n refracting surfaces, distinguished by the 
numbers 1, 2, 3,. . .A4. . . ™, the radii of curvature 
being 71, 72). - -Ta>- + + % reckoned positive when the 
surfaces are convex to incident light passing from surface | to 
surface m. The refractive index of the medium between 
surfaces 2 and 4-+1 will be denoted by s,, and the axial 
separation of these surfaces by 4. The power of the surface 4 


fhe ; 
is gee the sign being that commonly used by 
A 


opticians. The power of the complete system and other 
constants are found by successive applications of the formule 


Cx é 
1,A Kain 
K1,.=K1,,—1 TK ? Kyn=K yn 
= OK. ” A+I,n a » OK, , 
Ox, OK y~3a bh Okan ORKr41m ba 
eg ae K1A—1> i Mighes | pe ee ea 


OK, Oe, My -1 CK, OKy41 Ma 
where «,,, 1s the power of the system composed of the surfaces 
Ly Bp aect pers & & 


Norr.—The advantage of using the second set of formule given above, 


4 F SAG OK, 
instead of those which give a and —== directly is that in numerical 
CKy OK CKy 


calculations, which from their nature are approximations, the equality of the 
two values found for «,,, is a better check on the accuracy of the result 
obtained than the satisfaction to the same number of significant figures of 
the identity 

Ck yn CK yn Gast 


a ee 
OKy OKy a CK CKy 

If, now, a paraxial ray enters the system inclined at an angle 
Oy with the axis and meets the first surface at a distance S, from 
the axis, the emergent angle @, and the distance §, at which the 
last surface is met, are given by the equations 


Co 
MnIn=lo oe” — Sitia, 


ox as an alternative to the latter, 


OK 
Moo =n On ao Sire: 


Ky 
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Turning, now, to the general case, let a ray passing between 
surfaces 2 and A+1 have direction cosines Ly, My, Na referred 
to rectangular axes of which the axis of x coincides with the 
optical axis, and let d, be the length of that part of the ray 
which lies between thesé two surfaces, which must be sym- 
metrical about the optical axis, but need not for the moment 
be assumed spherical. The direction cosies of the normal to 
the Ath surface at the point of refraction will be denoted by |, 
My, N, and the length of the normal intercepted between the 
optical axis and the surface by 7,, so that 7, is the transverse 
radius of curvature of the surface at the point of refraction. 

The equations of refraction are 
fala = (al We es aM, a fy— Mya as LN) = xe NG 1. (1) 

i 3 LON et Ny : 

Denote each of these equal quantities by 7,K, ; K, is defined 
as the power of the surface for this particularray. If D) is the 
deviation suffered by the ray the way in which K, varies with 
the obliquity of the incidence is indicated by the equation, 


1K 2 =p? a1? — 2papy—1 C08 De 
The equations giving d, are 


i H/o telat —baatat Mata Magara MM = Matt (2) 
é Ly My Nae: 
where a/u, is the intercept on the axis between normals to 
surfaces 2 and A+-1 at the points where they are met by the 
ray. From equations (1) and (2) it is seen thatif K,,, &c., are 

defined by the formule, 


ok; 
Kya =K,a- rae RagK. 
0K, Ky a-1 _ Fim (3) 
Dime ORs tied: 
Gas 
the exact equations for refraction through the system are 
0 ; 
bn Mn== gM aa + mr Kin 
1 
OK yn 
jiNo=UoN ya + nyt Kin, 
; (4) 


Wnt n = Hoo ag + MP aK “9 
1 n n 

02K n OK > 

MT n =HNoag OK, + N47; 7K. 


n 
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or, as alternative forms to the two latter equations, 


OK in 
Ha Mo = tn Maa — MrTnK yn; 
te 
UgNo=UaN OK. = Nah aK yn 
may be used. 

If, then, sufficiently simple formule can be obtained for the 
determination of the K’s and d’s, all rays can be traced through 
an axial system employing exactly the same formule as are 
used for paraxial rays. The required expressions evidently 
involve the shape of the section of the refracting surfaces by an 
axial plane. The most important case is that in which all the 


: Gy : 
surfaces are spherical, so that ee is the distance between the 
A 


centres of curvature of surfaces 2 and J+1. Les the lengths 
of the perpendiculars let fall on to the path of the ray in 
medium yu, from the centres of curvature of these two surfaces 


be hn and Tat respectively. Then 
LN My 


Md =L a+ Vv were? = hj? = V rho? — Aya? . (5) 
Also from the law of refraction the length of the perpendicular 
from the centre of curvature of surface 4 to the incident ray is 
h : : : 
—*., that is to say A, is unaltered by refraction. 


My. 
It follows from the definition given of K, that 


"°K, = V w2re—he— V t-P rn? —hy?. Theis (6) 
Now let J,41, ma4i, 41 be eliminated from equations (2), 


using the relation I,4:°+-m,+,2+m42=1, and let d, be given 
its value from equation (5). The result is 


hyaP=h,? — 2a, L, V er? — Ay?+ 2ayuyryly aa a(1 — L,?). (7) 
Equations (5), (6) and (7), together with 


Ly ="y—1Ly_y + Ary Ky 
and 


@—1 
tee + Uy-any—1--Dy-ada-i, 
My-1 
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determme all the K’s and d’s of the system as was required. 
Since J, and L, have been obtained in the course of this pre- 
liminary work, the final result may be checked by verifying 
the equations 


y?- My? Nn? = L,?-+-M,?--N,?= 
h a ad | al { le (L,l,+ Myimy+ iN nbn )} 
and 
Un? n {Mann a Nnrmn} =o" 1 {M,n ‘es Nom i} 
— Mon(M Nn ae NoM,) 
is Kun ; 


When the performance of the system is unsatisfactory, it 
appears probable that a comparison of the K’s and d’s with the 
corresponding «’s and ¢’s will suggest what modifications are 
necessary to amend the system in the direction desired. 

It is of interest to notice some deductions from equations (4). 
Suppose g, y, z are the co-ordinates of a point on the incident ray 
and &, 7, ¢ those of a point on the refracted ray, the origins 
of both systems of co-ordinates being on the axis. If woP, is 
the length of the incident ray between z, y, z and the first 
‘surface, and ,P, the length of the emergent ray between é,7, ¢ 
and the last surface, 


Y= — Myr — fyMyPy 
Z=—Nyzr;—UyNoPy 
a a Mn+ nM Pn 
C= — Mn +lnNnPr 


or from equations (4) 


—Kini(Pn Kin — 7) 


Ky nl= — MoNo {(P oKan— FR) Pek +r aR) — i} 


— Kine(Palin ~ 5x") 
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Now let £,, (be the point on the refracted ray which lies in 
the same axial plane as z, y,z. Then ie ‘ =G, say. 


This requires 


aK, 1 
PK 3K, —G | 9 
9) 
eK," 
PKin=ox-—& } 


formule exactly corresponding to those for the determination 
of pairs of conjugate foci on theaxis. If, then, conjugate pomts 
on a general ray are defined as the intersections of the incident 
and emergent portions of any ray with any plane through the 
axis of the system, all laws relating to conjugate foci on the axis 
will also hold of conjugate points on any ray; instead of trans- 
verse magnification, the ratio of the distances of the two points 
from the axis is to be taken; and imstead of principal foci, 
principal points for the ray which are conjugate to the points 
at infinity on the ray. 

It at once follows that the image of a plane can only be 
free from curvature for more than one magnification if the rays 
before and after refraction are equally inclined to the optical 
axis. For assuming that for magnification Gp the object and 
image are plane, when the object has been moved along the 


. : Betis . : 
axis through a distance — =): the object point on the 
Kin G G, 


tay considered will have been moved through a distance 


1 be ' : oe 
eae are and since the new magnification is to be G, 


; tae 2 a a | 
th tb — re 

is must be equal to K,,\G x) or Ky n=Lox,,»- 

Similarly, the movement of the image plane is : (G—G,) 

Kin 
: 1 
along the axis and — ¥ (Q@—G)) or = (G—Gp) along the ray. 
ne ym 1," 


‘Thus K,,=Ly«1, must be satisfied if there is no curvature 
for the new magnification. 


From the two values of K,n/«1» it is seen that L,, must be 
equal to Lo, the result stated. 


Tf my, 2, &e., are eliminated from equations (8) by means of 
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(4), and P, and P, are given the values indicated in (9), the 
results are 


y= aK. (UoMy —GunMn), 
g== Te (UoNo— GuNn); 
Be K. (uolhy = GtenMn). 
g= z ; (UoNo—GpnNn): 


that is to say, the co-ordinates of any pair of conjugate points 
satisfy the relations 


K 1” 


MyM _ nMn _ MoNo _LaNn 
a ER ee an as 


Equations (10) may be taken as a basis for the definition of 
conjugate points, in which case the definition holds when the 
ray considered lies in an axial plane. For such rays the one 
conjugate point marks the intersection of the ray with the 
radial focal line formed by rays passing through the other 
point. This foliows from simple considerations of continuity : 
assuming the existence of such a focal line its co-ordinates 7, 
Care given by (10) for a ray lying very close to the axial plane 
put not in it; and the values of Kym, My, M,;, Ny. Nn may be 
made to differ by less than an arbitrarily assigned small 
quantity from those for the ray actually in the axial plane. 
The assumption of the existence of the focal line is readily 
justified, for from symmetry the path of the ray in the axial 
plane has either a maximum ora minimum value. 


(10) 


ABSTRACT. 


Trigonometrical formule have been used for tracing rays not lying 
entirely in one plane through optical systems, as these can readily be 
arranged in a form suitable for logarithmic calculation. When a 
calculating machine is available such computations can be carried 
out more expeditiously by using algebraic formule given in the 
Paper; in form these exactly correspond with the expressions for 
paraxial rays, and a comparison of the numerical result appears 
likely to suggest what alterations should be made when a general ray 
does not behave as desired. It is pointed out that if the two points 
in which a general ray meets an axial plane are defined as conjugate 
points, all pairs of conjugate points on a ray are connected by the 
same relations as hold for object and image points for paraxial rays, 


MM 2 
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and the theory for paraxial rays can be extended to rays in genera 
by placing a suitable interpretation on magnification, &c. The 
definition of conjugate points can be extended to include rays lying 
in axial planes, in which case the one point marks the intersection of 
the ray with the radial focal lime formed by rays passing through its 
conjugate. 

DISCUSSION. 

Mr. S. D. CHatmeErs was particularly interested in the method of 
tracing rays through a system. The relationships between the various 
quantities involved was of considerable interest. The author’s methods 
of treatment seem to present many possibilities in addition to the cases 
actually quoted. By extending them he may simplify very considerably 
many important computations. Some time ago he had used somewhat 
similar methods to express the image position of an object in terms of 
the separations of the surfaces and the height of the intercepts of a 
standard ray on the different surfaces. 

Mr. T. Smiru, in reply, agreed that if one had time to go into all the 
cases which might arise many interesting and useful results would follow. 
It was easy from the formule he had quoted to obtain an idea of what 
other general relations are likely to exist in an optical system, and to 
extend the meaning to be attributed to various conditions, such, for 
example, as the sine condition of Abbé. He hoped to treat more fully of 
these matters later. 
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XXXVIII. On an Investigation of the Accuracy of the Lens 
and Drop Method of Measuring Refractive Index. By H. 
Repmayne Nerrceton, B.Sc., Assistant Lecturer in 
Physics at Birkbeck College. 


RECEIVED May 10, 1915. 


1. Introduction. 


Ir a few drops of liquid be introduced between a plane 
mirror and a thin convex lens we have in effect a combination 
of the latter with a plano-concave lens of the liquid. From 
a knowledge of the curvature of the lower face of the convex 
lens together with its focal length and that of the combination, 
the refractive index of the liquid used can be calculated. 

This method is described by T. H. Blakesley (‘‘ Proc.” Opt. 
Con., 1905, p. 189). It is also given in “Nature,” Vol. 
LXXXVIL, Oct. 26, 1911, andin Dr. Clay’s “ Treatise on Prac- 
tical Light,” and has forlong afforded a laboratory exercise, the 
focal distances being almost invariably measured by the pin 
and parallax method probably on account of the fact that the 
lens and mirror most conveniently lie horizontally. Thus, as 
usually practised the method is very rough, and no notice of it 
is taken by F. E. Wright in his discussion on the accuracy of 
the many drop methods in use (Washington Acad. Sci. 
“ Journal” IV., pp. 269-279, June, 1914). 

The object of the present communication is to show that by 
the choice of lenses of special curvature, and with the aid of 
totally reflecting prisms the method can be adapted to the 
optical bench and monochromatic light to give results reliable 
at least to the third place of decimals—an accuracy nearly 
always sufficient for the petro grapher or the physical chemist in 
his determinations of molecular refractive powers. For 
substances having refractive index lying between 1-33 and 1-4 
__which will include most aqueous solutions of salts and mix- 
tures of alcohol and water—an accuracy in the value of yu is 
obtainable of about 0-0002. Thus, this method usually so 
roughly practised can, by the careful design of the lenses and 
by taking into account their thickness, be transformed with 
little loss of simplicity into one of the most accurate and rapid 
laboratory experiments on refractive index. Strictly, the 
apparatus here described is one for comparing refractive 


512 MR. NETTLETON ON 


indices, for it is necessary to find the constant of the instru- 
ment with a liquid of known refractive index. There is, how- 
ever, no difficulty here, as the refractive index of distilled 
water is known at ordinary temperatures with an accuracy of 
practically the fifth decimal place. 


2. Simple Theory of the Method Neglecting Thickness of the Lens. 
The simple theory is well known, but is reproduced very 
briefly here for convenience in consequence of what follows in 
section 3 of this Paper. 
Let {=tocal length of the thin convex lens, 
e=focal length of the plano-concave lens formed of 
the liquid of refractive index u,, 
F,=focal length of the combination, 
r=radius of curvature of the lower face of the 
convex lens, which is also that of the concave 
lens. 
Then, by the law of combination of lenses we have numeri- 
cally :-— 
1/p=1/f—1/F,=(u,—-1)/r, 


or, ba l= 
Similarly, for water or other standard substance, 
r(F.—f) 
‘- 1=—~ “so8 
OR ; F, ./ 
whence Hg—1 _ (F.—/F, 


&a—l al (F, —/)F, 
Let F.,—/, which is measurable directly, =X. 
Let F,—/, likewise measurable directly, =S. 


aan fe 
(X+/)8 

On inspecting this formula it will at once be seen that the 
accuracy of the method depends on the measurement of 
differences of focal lengths. A small error made in deter- 
mining f the focal length of the convex lens—which can be 
found once and for all—is relatively unimportant unless $ and 
X are small or differ greatly. By using a standard liquid, 


Then, My =1+(u,—-1) 
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such as water, we do away with the necessity of measuring a 
radius of curvature and virtually find the constant K in the 
formula which the method assumes, viz :— 


r=p,—1=K(*2—/), 


It is of importance to find out whether the effect of the 
thickness of the lens is to merely modify the constant K, 
which for a-lens infinitely thin is equal to r/f. 


3. Effect of the Thickness of the Lens. 

The effect of the thickness of the lens can be found by con- 
sidering the full refraction of the parallel rays returning from 
normal reflection by the plane mirror. 

Applying the formula :—- 


which holds strictly for determining “limiting foci” at 
spherical surface, let 7, equal the refractive index of the liquid 


Fria. 1. 


placed between the mirror and face r of the lens, and let u, 
equal the refractive index of the glass, all refractive indices 
being with reference to that of air taken as unity. Then, for 
the first refraction we have :— 


fli ob (Hy Ha)— 1 


Me AAU r 
or, since for this refraction, U=oa, 
es Me 
ap Mg— Ma, 


If t be the thickness of the lens and s the radius of curvature 
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of the face remote from the mirror, we have for the second 
refraction from glass to air :— 


U=V’+4, 
V =F (the focussing distance from the face s), 


and, hence :— 


Vtg Lg) 1 i 2 46An 
F rT 8 
ry Mal Mg 


whereas, if air replace the liquid, z 


fp, _ ] a (1/u,)—1 (1a) 
Soe r s ; 
t+, 
‘ L—1/u, 
hence, 
F>j : r(u,—1) (2) 
Ki (4 r—t/u,)(t--7—-t . p/ My) 
Trans posing and writing z for 4,—1, we obtain :— 
F-} t u ; 
at — 5 fA fe Me 
‘ K( r )Q r+t a ») 
where Ke ) 9 Gonstenk, 


Applying formula (3) first to the substance of refractive 
index f, and, secondly, to the standard substance of refractive 
index /4,, as In section 5 we obtain algebraically :-— 


a teat! =oale a ie 
7 Ge ors rm): 


Expressing the measurable distances of withdrawal F,—/, 
F,—/, by X and S respectively as before, and remembering that 


r is negative, we may write arithmetically, that is taking all 
symbols as positive :— 


e=(-1)[ 4. F (147), waren Serr tt 


where 


r—t 
en |, 
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The use of a standard liquid thus only in part corrects for the 
thickness of the lens. The correcting factor, however, is small, 
and the denominator T is found without trouble, once and for 
all, in the following manner :— 

The thickness of the lens ¢ is found with a screw-gauge. 

The radius of curvature of the drop face r is found without 
any additional measurement—with an accuracy for greater than 
a needed—from equation (2) above which may be written 
Bsc se 


F 
ABT teil —Mug 1+ ¢(1 staid fe (8) 


=r+t(l—1/u,)+t(1 —pz/u,) very approximately. 


Thus, algebraically, ppg HOM ty— Hel My) Very ap- 
proximately. 

Whence, taking F as the focussing distance when using 
water, putting z=4 and w,=1-5, we have, taking all symbols 
with the positive sign :— 


Bae 4, traliee «Oats 2 *(7) 


The accuracy obtainable in this method of measuring curva- 
ture is limited in practice by the accuracy of the measurements 
of f and F—f, since in thin lenses the approximations intro- 
duce no appreciable errors. If the lens were very thick, and 
Mg differed greatly from 1-5 formula (6) could always be applied, 
Hz being found as described below. If F—f should be too 
‘small to measure accurately benzene should be used instead of 
water, whence, since /z/{4g will be very nearly unity, we have 
with an even closer theorevical accuracy :-— 


a eae eS Sei ue) 


_'The only other term needed to find T is the refractive index 
of the glass of the lens which in a small correcting factor might 
betaken as 1-5. It is, however, easy to find 4, more accurately 
once and for all in the following simple way. Reversing the 
lens, ihtroduce between the mirror and the face of curvature s, 
usually uppermost, a few drops of benzene or oil of cedar wood, 
and find F’, the focussing distance of the combination measured 


from the face r. The refractive index of the liquid used is not 
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required, but it must be near that of the glass ot the lens. We 
have then, interchanging 7 and s in formula (1) :-— 


yy Met 
as - 8 ak 
‘ l—p/ Mg 


or, as s is always large in suitable lenses,and u,/y, is very nearly 
unity :— 


<= —f ’ very approximately, 
r 
whence, arithmetically, My= lye s Go) or Gee ear 


and this value of , could be used in equation (6) im finding r 
with precision in the case of a very thick lens. 

As the refractive index of the glass of a lens is sometimes 
required very accurately a typical example of how this may be 
done is given in section 6, subsection (d) below :— 

The approximate value of u,=1-+-z, found by neglecting the 
correcting factor altogether, of course, serves forthe numerator 
My —Ms Of this fraction. Typical experiments are given in 
section 6 below. 


4. Description of Suitable Apparatus. 


A form of suitable apparatus will be readily understood from 
the diagram Fig. 2. It consists essentially of two parts—an- 
arrangement tor supporting the right-angled prism P and lens 
and mirror M, and an optical bench and object-screen sliding 
piece, S. For the former purpose a good heavy adjustable 
“ Young’s Modulus table,” with levelling screws, was found 
suitable, a small piece of metal being cut away over which the 
prism P stood fixed as shown. The table top T could be 
slightly rotated. The double platform piece D was clamped at 
L to the vertical table pillar, and afforded a support for the 
block of wood W carrying the lens and mirror. This mirror, 
about an inch square, could be adjusted to the horizontal by 
the screws s, and was cemented with red lead to the block W, 
which should always be replaced on the table, touching the. 
same margin line. 

The optical bench, 120 cms. long, is a good one, such as used 
for the bi-prism experiment, and one of its disused but well 
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made carrier pieces S, fitted with a vernier reading to 0-1 mm., 
was easily adapted for receiving an object-screen. A postcard 
with a small circular hole punched out of it answered this 


a 
o 
_ 
&, 


purpose well, when furnished with threads in the form of a 
square with diagonals, the diagonal cross-wires being very fine. 
This object was illuminated from behind by the sodium flame 
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F standing on the block B, which could easily be moved along 
the optical bench. When in the focal plane of the lens and 
drop combination, the reflected image of the cross-wires could 
be received either on the far side of the object on the screen 
itself, or else on the near side by the small right-angled prism R, 
which turned it into the focal plane of the negative microscopic 
eye-piece E, supported as shown. This latter device very 
effectively overcomes the difficulty of obtaining sufficient 
illumination, especially at relatively great focal distances, 
where without it the room must be quite dark, and the flame 
worked up to its best. On the other hand, using the small 
prism and eye-piece the image is perfectly clear even when all 
the lights are on in the room, and the sodium flame is feeble. 
Moreover, the definition of the image of the fine cross-wires in 
the microscope eye-piece is such that the whole carrier-piece 
S can be set to a consistency of a millimetre at a focal distance 
of quite a metre. The eye-piece must be set by the observer 
once and for all in the manner described below. 

The adjustment of the apparatus prior to use is simple. 
The table T is first levelled to the horizontal, and then also 
the platform D and plane of the mirror by means of the screws 
s. The optical bench is likewise levelled, and the height of the 
object-screen brought to the position which, at the right focal 
range, gives image and object side by side in a horizontal line 
when a lens lies on the mirror. By very slightly rotating the 
table platform T the image can then be turned into the prism 
R and eye-piece. The position of the eye-piece must then be 
adjusted on its supporting arrangement, such as that shown, so 
that when the image is in the sharpest focus on the object- 
screen, as seen under the best conditions of illumination, it is 
likewise in sharpest focus when viewed through the eye piece. 
If the sodium flame is not very good an incandescent burner 
should be used for this purpose, a signal green glass being 
placed between burner and object-screen. If the prism R is 
properly placed the agreement, once obtained, will be found 
practically perfect everywhere, except for positions of very 
short focal range, where there is, of course, no necessity to 
use the eye-piece arrangement at all. For such testing pur- 
poses it is convenient to have at hand for placing on the 
mirror two common spectacle lenses of focal lengths about 
50 cm. and 100 cm. respectively. These adjustments can be 
made in a few minutes, and most ot them are permanent ; 
when the eye-piece is set it should be firmly clamped at V, and 
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all screws tightened. Care should be taken not to move the 
prism P, and no means of bringing the image into its proper 
position on the object-screen or into the microscope eye-piece 
should be attempted other than a slight turn of the table T, the 
sliding of the entire screen piece, and if need be the slightest 
vertical movement of the object-screen by means of the 
screw Z. 

In performing an experiment the lens selected is placed with 
the face of radius 7 symmetrically on the mirror, and the block 
W placed in position. The “ zero reading” on the optical 
bench is then obtained when the image of the cross-wires is 
formed on the screen alongside the object. Two or three drops 
of distilled water are then placed on the mirror, and the lens 
replaced. A reading is now obtained through the eye-piece, 
and on subtracting the zero reading we obtam §, the distance 
of withdrawal for water. Similarly the distance of with- 
drawal X for the liquid under investigation is obtained. In 
both cases the temperature should be taken as recorded by a 
thermometer, subsequently placed with its bulb between the 
mirror and peripheral portion of the lens. Care should be 
taken not to warm the lens with the hand, or, at all events, 
time given for the temperature to recover and the focussing 
length to attain a steady value. Owing to the smallness of 
the exposed surface of the liquid evaporation is exceedingly 
slow ; none the less it is desirable to devise a water circulation 
to maintain steadier conditions. The focussing length / is, of 
course, obtained in the ordinary manner on any optical bench 
employing sodium light by measuring the distance from the 
nearest face s of the lens to the coincident image and object. 
It is easily obtained correct to the nearest 0-5mm., and is a 
constant, being practically independent o: temperature 
changes. 

It should be noted that the effect of the prism P is to lengthen 
all focussing distances by the same amount, not affecting, 
therefore, differences of focal lengths. Clearly actual focal 
lengths can be found by the periscopic arrangement by em- 
ploying as a “ distance-piece ” any lens of known focal length 
and thickness. 


5, Selection of Mirror, Lenses and Standard Substances. 
I. It is absolutely essential that the small mirror, an inch 
square, be of good parallel plane glass—otherwise the image 
will show apparent astigmatism, vertical and horizontal lines 
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having different focal distances. There is no need, however, to 
resort to optically worked glass, as it is easy to select specimens 
of patent plane mirror glass which are quite satisfactory. 
Perhaps a trace of “astigmatism” is if anything helpful, 
enabling a sharp setting of the cross-wires for equality of 
definition. 

Il. The whole accuracy of the method is intimately con- 
nected with the careiul prescription of the lenses. They 
should be thin, of aperture about | in. to 1-5 in., and made of 
glass of refractive index of about 1-5. In making the selection 
for any purpose free use should be made of the approximate 
formula— 

F=/fr/(r—zf), 


and it should at the same time be remembered that while the 
“range of good focus ” is proportional to F, the senitiveness 
d¥ /de=F?/r, and absolute measurements of short focussing 
distances are, therefore, to be avoided. 

’ The following set of four lenses to which special attention 
has been given illustrate well the possibilities and limitations 
of the method. The approximate dimensions to which they 
were ordered are given in centimetres :— 


A. A bi-convex lens of unequal radii of curvature. 
f=20; r=12; s=60 (approx.). 


B, A bi-convex lens of unequal radii of curvature. 
f=30; r=20; s=60 (approx.). 


C. A concavo-convex lens or a converging meniscus. 
f=17; r=7-5; s=64 (approx.). 


D. A bi-convex lens of unequal radii of curvature. 
f=20; r=15; s=30 (approx.). 


Experiments are given in section 6 below illustrating the 
respective uses of these lenses. It will.be found that lenses A 
and B are applicable over practically the same range and thus 
serve well for comparative tests. The accuracy obtainable in 
measuring, say, a refractive index of 1-5 with lens A is depen- 
dent on the accuracy of measurement of the distance of with- 
drawal, X=20-96 cm. for water. An error of 1 mm. in this 
measurement would affect the value of «—1 for the unknown 
liquid by 1 part in 400. Owing, however, to the shortness of 
both focal distances the measurement can probably be made 
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correct to 0-05 cm. An error of 0-05 cm. in the measurement 
of f the focal length of the lens would affect the result by 1 part 
in 1,400. The change of focal length due to substituting 
benzene for water is over 50 cm. 

Corresponding errors made with lens B would have less 
effect on the result; the correcting factor for thickness is 
smaller; and an error in the setting for the zero reading is of 
less importance. A change of focal length of some 50cm. 
again results on replacing water by benzene. 

Using the converging meniscus C the method is perhaps 
seen at its best, refractive indices up to 1-39 being certainly * 
obtained correct to 0-0002. On substituting for water a strong 
salt solution of refractive index 1-3807, the focal length rose 
from 68 to 118 cm. Errors in measuring f or observing the 
zero are of minimum importance. 

Lens D is specially for high refractive indices, and benzene 
should be used as the standard substance. For comparative 
purposes it is very accurate, but the absolute values are 
dependent on the data given for benzene below. 

For ordinary laboratory use lenses C and either A or B wil] 
usually be found sufficient. 

III. (2) Water is used as the fundamental standard sub- 
stance. Its temperature coefficient is abnormally small, and 
its refractive index is known to the fifth decimal place. The 
values given below are based on those of Jamin, Lorenz, 
Walter and others, as given in the Physikalisch-Chemische 
Tabellen of Landolt, Bérnstein and Roth. jw—1 may thus 
often be taken=1/3 with sufficient accuracy. 


Temperature. | Refractive index air to water. | Temperature coefficient. 


20°C. 1-33300 0-00008 
15°C. 1-33339 0:00007 
10°C. 1-33369 ’ 0:00006 


(b) Benzene will be found useful as a secondary standard, 
especially in determinations of high refractive indices. It 
can be crystallised and easily obtained pure, and its purity 
can be readily tested. Moreover, the presence of traces of 
impurity has no marked effect on the refractive index. A 
sample of “ pure crystalline benzene ”» was found on a refracto- 
meter to differ in refractive index from Kahlbaum’s pure 
benzene for molecular weights by not more than 0-0003 under 
constant temperature conditions. Benzene has the disad- 
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vantage, however, of a high temperature coefficient compared 
with that of water; when it is used, therefore, temperature 
must be carefully observed. Based on Weegmann, Knops and 
Landolt and Jahn we may take w,,=1-5039 and f.)=1-5013. 
with 0-00065 as the temperature coefficient. The nearness of 
the refractive index to that of glass is useful in determining the 
refractive index of the lens as explained in section 3 equation 
(9). For this latter purpose oil of cedar wood answers equally 
well. 


6. Typical Experiments on the Constants of Lenses and on 
Determinations of Refractive Indices. 


(a) Taking lenses A and B the following readings were 
obtained :-— 
TABLE I.—Readings with Lenses A and B. 


Nature of observation. / a. 
Thickness of lens in centimetres..........s-s+-sessesseesee0ee 0318 | 0321, 
Focussing length correct to 0-05em. (from nearest face s)} 18-70 29-20 } 
Zero, ont Optical! Beneliy~. seated 4:95 | 15-45 | 


Reading with oil of cedar between mirrorandlensfaces.; 8-59 25-25 
Readings with liquids between mirror and face r :— 


He 
ty 
or 
to 


(a) Water, temperature 11-7°C.. .....2...cjscnaeecsenes 25-91 
(6) Chloroform, temperature 12-0°C................02- 51-25 69-45 


(c) Benzene, temperatures 12-1°C.. 12-2°C. ......... 78-90 93-50 


Thus, with lens Aweobtain— | 
Distance of withdrawal S for water=20-96 ; S+-/=—39-66. 
Distance of withdrawal X for benzene=73-95 ; X+-/=92-65. 
fe—1 for water at 12°C. =0-33357, 


whence regarding the lens as infinitely thin, we obtain for 
benzene 

~~ 39:66 73-95 

—1=0-33357x > 9 
a ‘50-96 * 92-65" 


=(-503;s, which is the very approximate value. 


The denominator T of the correcting factor for thickness is 
now found, and will serve for always. 
By formula (7) we have for the radius of curvature of the 
drop face r :— 
eT ee 
r==}3X 18-70x 30-96 + 9%? 318, 
=11-9, em. 
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ee by formula (9) for the refractive index of the glass of the 
ens— 


and, hence, from (5) 
_ 11-94—0-32 
0-318 
=57-3. 


159-1233: 


Thus, we obtain for the corrected value for benzene 


po 0.50871, 


57 
—0-5038-40-0015, 
whence =1-5053 at 12-1°C. 
Similarly, for chloroform, 


p=1+0-4496(1- 2), 


=1-450; at 12-0°C. 
An Abbé refractometer with water circulation gave at 12-1°C. 
for water uw=1-3334, 
for chloroform “=1-4499, 
for benzene “=1-5050. 


The readings for lens B give T=96-6, which could be taken 
as T=100, with sufficient accuracy as the correction for 
benzene is only 0-0009. The values obtamed are :-— 


for chloroform w=1-450, at 12-0°C. 
for benzene w= 1-505, at 12-2°C. 


(b) The converging meniscus C had focal length from near 
face=16-80 cm. and  thickness=0-286cem. Experiment 
showed r=7-57; apy=1-53,; and T=40-4=40 approx. It 
is very sensitive to small changes in refractive index, and all 
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necessary measurements can be made with a high accuracy. A 
curve of the refractive index and density of salt solutions was, 
therefore, attempted, at the same time a comparison with an 
Abbé refractometer being made. The temperature of the 
research laboratory was very constant, and the water circu- 
lating through the Abbé prisms was easily adjusted to this 
temperature. A specific gravity bottle containing the solution 
having been weighed, drops of liquid were placed on each 
refractometer. The comparison is tabulated below :— 


TasiLe IIl.— Showing Readings with Converging Meniscus C. 


Specific volume Refractive index by lens and drop | Refractive index by 
of salt sol. method. |Abbé refractometer. 
Weight of Reading | 
contents of} Tem- on | Tem- | p—l KB Bw | Tem- 
full sp. gr. |perature.| optical perature.) uncorrected. | corrected. perature. 
bottle. bench. 


13806 | 1:3809 | 120 
1-3756 | 1-3759 11-8 
1-3700 ) 1-3702 12-0 


70-705- | 12-6 104-5 11-9 0-3 
69-416 12-8 95-92 11-8 0-37524 
67-871 12-5 87-60 12-0 0-3 

0-3 


| 


66-816 | 13-0 | 8216 | 11-9 6552 | 13658 | 13660 | 120 
66-161 | 133 | 79:30 11-9 036314 | 13634 | 13636 | 120 
64-549 | 126 | 72:37 | 121 0-35672 | 11-3569 | 13571 | 120 
63-607 13-9 | 68-90 | 121 035310 | 13533 | 1:3533 | 120 
62-791 | 125 | 65:95 | 11-7 034977 | 13499 | 13500 | 120 
61-819 | 13-0 | 62-60 120 034569 | 13458 | 13459 | 120 
60-955 | 12:9 | 59-81 | 126 034200 11-3421 | 13419 | 120 | 
60-253 | 13-0 | 57-82 | 123 033919 | 13392 | 13394 | 120 
59-350 | 13:0 | 55:38 | 123 0:33553 | 13355 | 13354 | 120 
*58-868 | 12:8 | 54-12 | 125 -- | 71-3385, | 13334 | 120 


* Water. + Assumed value. 


The zero on the optical bench was at 2-95, and the reading 
with oil of cedar and the lens reversed was 0-30. Meniscus C 
can be used for concentrated common salt solutions which are 
at about its maximum limit. A second meniscus, E, with 
/=18-45 and S the distance of withdrawal for water=42-75 was 
accurate and serviceable for solutions up to w=1-41. 

(c) Lens D, suitable for high refractive indices gave the 
following data: Thickness=0-321 em.; /=18-80em.; zero 
on bench=5-05; reading with oil of cedar wood and lens 
reversed=14-00 ; reading with water=18-90 at 12-8°C.; 
reading with benzene=38-58 at 12-6°C. ; reading with carbon 
bi-sulphide (redistilled)=81-1 at 12-0°C. 

Owing to the smallness of the distance of withdrawal for 
water, benzene should be used as the standard, ,, being taken 
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as 1:506,. Formula (8) gives r=14-96, and T will be found 
=70 approximately. Hence, tor carbon bi-sulphide :— 


- 52:33 _ 76-05 
=1=0-5062x.—. x — . 
eee Ss coe Geen Or etCe) 
=0-633,, 
-6334—0-5062 
ul (corrected) =0-6334 (14.0 ° 900082), 
: (U 
=0-6334+0-0012, 
or p=1-634,. 

An Abbé refractometer gave for benzene 1-5048 at 12-7°C., 
and for carbon bi-sulphide 1-6336 at 12-5°C, 

(d) It has already been shown how by the use of a liquid of 
refractive index near that of glass, the refractive mdex of the 
glass itself may be easily found approximately. If the trouble 
be taken to find by the method of this Paper the refractive 
index of the liquid used, the refractive index of the glass may 
be found to an accuracy similar to that which holds for r and f, 
and hence s may be deduced. 

To illustrate this the benzene found by lens B, see sub- 
section (a) above, to have at 12-2°C. refractive index 1-505,, was 
found when placed between the face s and the mirror (lens 
reversed) to give at 12-0°C. the reading 25-15 on the optical 
bench. Whence F’=29-20-+-25-15—15-45=38-90. 

Thus, Mg=1+1/F’ =1+-20-39/38-9=1-524, approx. 

From equation (la) and by other means we find s=60 
approx. But from equation (1b) we have with great accuracy 
for Ag 


ip 


y= lye ar g( +g He) 


all symbols being positive. Hence, 


g=1-5942 (1-5242 —1-5056), 
=1-5242 —0-0047, 
=1-520. 
From (1) or (la) we now obtain :— 
s=60-4 cm. 


(e) An instance of the special usefulness of the lens and 
drop method is the following. The author determined for 
NN2 
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his colleague, Dr. G. Martin, the refractive indices ofa number 
of newly-prepared alcohol derivatives of silicon hexachloride 
(Martin, Chem. Soc. “ Trans.,” Vol. CV., 1914). These com- 
pounds fuming in the air leave a deposit of white solid on glass 
which is only removed by warming with caustic soda. The 
lens can easily be warmed in hot alkali, and the ring which 
protects the rest of the liquid, dissolved away, but similar 
treatment in a refractometer would be impossible. 


7. Summary and Conclusion. 


The lens and drop method of comparing refractive indices 
is a very accurate one when due regard is paid to the choice of 
lenses, and allowance made for the thickness. It is easily 
adapted to the optical bench and monochromatic light, and 
measurements may be made very quickly. The method is 
perhaps seen at its best when employing a suitable con- 
verging meniscus to measure refractive indices between 1-3 
and 1-4. The method of measuring short radii of curvature 
in terms of the well-known refractive index of water is also 
frequently very useful and accurate just when other means are 
difficult or inaccurate. The lens and drop method may also 
be of service in finding the refractive index of the material of 
the lens. The apparatus here described is very suitable as 
providing a laboratory experiment for advanced students in 
view of the accuracy cf the results obtained by the inexpensive 
adaptation of standard apparatus. 

The author must express his special thanks to Dr. R. 8. 
Willows, M.A., of the Sir John Cass Technical Institute, for the 
loan of a refractometer for comparative purposes, and to 
Dr. A. Griffiths, head of the Physics Department, Birkbeck 
College, for putting at his disposal all the other apparatus 
needed. He would alsc record his indebtedness to Mr. 8S. D. 
Chalmers, M.A., for suggestions made since the communication 
of this Paper, especially with reterence to the notation adopted. 


CONDUCTION OF ELECTRICITY. 527 


XXXIX. Conduction of Electricity Through Metals. By Sir 
J. J. THomson, O.M., F.R.S. 


RECEIVED JUNE 25, 1915. 


THE investigations of Kamerlingh Onnes on the resistance of 
metals at the temperature of liquid helium have led to results 
which are of vital importance in the theory of metallic con- 
duction ;- they have shown, for example, that some metals can 
exist in a state where their specific resistance is less than one 
hundred thousand millionth part of that at 0°C. The tran- 
sition from the state in which the resistance is diminishing 
normally with the temperature to the one where they possess 
this super-conductivity takes place abruptly at a definite 
temperature, and the difference in the electrical properties of 
the metal above and below this temperature are as well marked 
as the difference in elastic properties when a solid melts or in 
the magnetic ones when a piece of iron passes through the 
temperature of recalescence. One of the most remarkable 
effects discovered by Kamerlingh Onnes is that when a current, 
was started in a small ring of lead at a temperature of about 
4 deg. absolute, by bringing a magnet close to it ; the current, 
instead of dying away as it would have done at 0°C. as soon as 
the magnet was stopped, went on with practically undiminished 
intensity, its rate of decay being so slow that Kamerlingh Onnes 
estimated that it would take four days to fall to half its initial 
value. This power of transmitting a current for long periods 
when no external E.M.F. acts on the metal is one that has to 
be accounted for by any theory of metallic conduction ; any 
such theory must indicate that in certain metals a change of 
electrical state takes place at a definite temperature, that above 
this temperature the current dies away almost instantaneously 
after the E.M.F. is removed, while below it the current may 
persist for days without undergoing any considerable dimmu- 
tion. It seems to me that this is another and fatal objection 
to the theory that metallic conduction is due to the presence 
in the metal of free electrons which drift under the electric 
force, for no permissible increase in the number of free electrons 
or in the mean free path wovld explain the difference between 
the-ordinary and super-condvcting state. In the case of the 
lead ring the maximum free path (equal to the longest chord 
that can be drawn in the ring) cannot be more than a few 
millimetres. 
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It is the object of this Paper to show that the effects dis- 
covered by Kamerlingh Onnes are in accordance with the 
theory of metallic conduction which I gave in “ The Corpus- 
cular Theory of Matter,” page 85, and which, with the sub- 
stitution of an electron for a charged atom is substantially the 
same as that given in my “ Applications of Dynamics to Physics 
and Chemistry,” 1888. 

On this theory the atoms of some substances, including the 
metals, contain electrical doublets, i.e., pairs of equal and 
opposite electrical charges at a small distance apart. In the 
normal state of a body the axes ot the large number of doublets 
occurring in even a small volume are uniformly distributed in 
all directions ; when, however, an electrical force acts on the 
body, the axes of the doublets tend to point in the direction of 
the force, and the moments of the doublets have a finite re- 
sultant in this direction. If the axes of the doublets were 
quite free to set in any direction, the smallest electrical force 
would be able to pull the axes of all the doublets into line and 
thus produce the maximum polarisation. There are, however, 
several influences at work which limit the number of doublets 
which point in the direction of the electric force. 

In the case of gases, for example, there are collitions between 
the various molecules which tend to knock the axes of the 
doublets out of line as fast as they are brought into it by the 
electric force. Langevin has calculated from the principles of 
the ‘‘ Kinetic Theory of Gases ” the magnitude of this effect, 
and has shown that if M is the moment of each doublet, N the 
number of doublets in unit volume, I the resultant of these 
moments parallel to « and X the force on a doublet in this 
Girection, 


aa (8 te® 1h 
T=NM ae al 
where x=MX/RO. 


0 being the absolute temperature and R@ the mean kinetic 
energy of a molecule at this temperature ; when 2 is very small 
I=}NMa, when it is very large I=NM. f 

In the case of solids and hquids, though there may not be 
collisions between the molecules, the rotation of the molecules 
endows them with a quasi rigidity, making each molecule behave 
very much as if its axis of rotation were acted on by a restoring 
couple proportional to the angle through which the axis is 
displaced and proportional also to the kinetic energy possessed 
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by the body in virtue of its rotation, it behaves, in fact, very 
much like aspring whose stifiness is proportional to its kinetic 
energy. The value of I will be a function of the ratio of XM, 
the deflecting couple acting on the doublet, to the restoring 
couple brought into play when the axis is deflected through 
unit angle. As this couple is proportional to the average 
kinetic energy of the molecules, we have 

/ I=NMF(XM/w). 
Thus we see thas for solid and liquids, as well as for gases, lisa 
function cf MX/w. 

We need not here go into the question whether the form of 
the function depends on whether the body is in the solid, liquid 
or gaseous state. It is sufficient to notice that whatever the 
state, when z=0, F(x)=0, and when 7= o, H(a)=1. 

Thus F(x) will be represented by a curve of the type shown 


Fia. 1. 


in Fig. 1. The force X which occurs in the expression for x 1s 
not merely the external electric force acting on the system, the 
polarised doublets will themselves give rise to strong electric 
forces and X is the resultant of such forces and the external 
electric force. We shall take the force due to the polarisation 
of the doublets as proportional to I and put it equal to Kl. 
Thus if X, is the external electric force, 


K=Xot kl, 
M(X,+4l 
and peer) 
wd 
of Lm 


This relation between I and « is represented graphically by a 
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straight line and the value of I corresponding to any value of 
X, can be determined by finding where this line intersects the 
curve 

I=NMF(z). 

The effects corresponding to any finite value of I will be the 
same as if I doublets per unit volume pointed in the direction 
of the electric force, while the axes of the rest were uniformly 
distributed in all directions ; and we may picture the substance 
as containing a number of chains of polarised atoms whose 
doublets all point in the direction of the electric force as in 
Fig. 2, 

So far as we have gone there has been nothing to differentiate 
between insulators and metals; in each of these the doublets 
set under the electric field and give to the substance specific 
inductive capacity, the value of which is proportional tothe” 
value of I when X, is unity. 

It will be noticed that the electrons in the atoms of the 


Sa co da 60 Ca Se 


Fie. 2. 


substance will be under the influence of forces excited by 
neighbouring polarised atoms. Thus in the case represented 
in the figure these forces tend to make the electrons in A move 
towards B and those in Bto C,andsoon. On this theory the 
peculiarity of metals is that electrons, not necessarily nor 
probably those in doublets, are very easily abstracted by these 
forces from the atoms when these are crowded together. Thus 
we may suppose that under these forces an electron is torn 
from A and goes to B, another from B going to C, and so on 
along the line, the electrons passing along the chain of atoms 
like a company in’ single file passing over a series of stepping 
Stones. Let us suppose that p electrons pass along each of 
these chains per second, then if there are n of these chains 
passing through unit area at right angles to the electric force 
the current 7 through unit area will be epn, e being the charge 
on an electron. Ii d is the distance between adjacent atoms 
in the chain, there will be 1/d atoms per unit length of chain 
and I the number of doublets per unit volume pointing in the 
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direction of the electric force will be equal to n/d, thus n=ld, 
and therefore 
i=epld. 


The specific conductivity of the metal c is equal to [Xo 80 
that 
c=epdl/X,. 


The force exerted by the polarised atoms on the nearest 
electron in a neighbouring atom will be very large compared 
with that exerted by the external electric force, so that p will 
be determined by these inter-atomic forces and will not to an 
appreciable extent depend on the external electric force. The 
ratio of the current to this force will, therefore, follow the same 
laws as the ratio of I to the torce. 

We have seen that the value of I is determined by the inter- 
section of the line, 


wt Xo 
with the curve I=NME(2), Cr eee ee) 


where w is the kinetic energy of a molecule, unless the tem- 
perature is very low w=RO, where § is the absolute tempera- 
ture and Rthe gas constant. When the temperature falls to the 
stage where the specific heat diminishes with the temperature 
w will be smaller than the value given by this equation. 

When w/MK is considerable the line (1) will be steep and will 
intersect the curve near the origin, where it appro ximates to the 
straight line, 


PERE TAO\ pomrete fs nea: wke) 


The intersection of (1) and (3) is given by 
_ NMPF(0)X, 
= — RNMER(0)’ 


and 7 the current by 
__epdNMPF’(0)Xo 
+= — KNMPE’(0)' 
Thus the current is proportional to X, and Ohm’s law holds. 


The specific resistance 7 18 given by the equation 


o— kNMPE“(0) 
=~" endNMP?F(0) * 
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Now, except at very low temperatures, w is equal to R6,so that 
o is expressed by an equation of the form, 


o—=A(§—b). 


It is thus a linear function of the temperature, which is very 
approximately true for pure metals. 


Super Conductivity. 


Let us now consider what happens when the temperature is 
diminished. The slope of the line (1) continually decreases and 
the intersection of this line with the curve gets farther and 
farther away from the origin. When the intersection comes on 
a part of the curve at an appreciable distance from the tangent 


at the origin, Ohm’s law will no longer hold. Suppose that the 
slope of the line (1) has fallen so that, as in Fig. 3, itis less than 
that of the tangent at the origin to the curve I=NMEF(z); and 
after the application of a force Xo, suppose the force is gradually 
removed, the value of I corresponding to the diminished force 
will be got by drawing parallels to PQ, continually getting 
nearer to the origin, and its value when the force has been 
entirely removed, by drawing a parallel through the origin 
itself. We see from the figure that in this case the line through 
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the origin will intersect the curve again at S$, showing that I 
retains the finite value SN after the electric force has disap- 
peared. From the point of view of this Paper, however, the 
part played by the electric force in metallic conduction is to 
polarise the metal, 7.e., to form chains. When once these are 
formed, the electricity is transmitted along them by the forces 
exerted by the atoms on the electrons in their neighbours. 
Thus, if the polarisation remains, after the electric force is 
removed, the current will remain, too, just as it did in Kamer- 
lingh Onnes’ experiment with the lead ring. We see that we. 
shall have the current remaining after the removal of the 
electric force, 7.e., the metal will be in the super-conducting 
state as soon as the slope of the line is less than that of the 
tangent at the origin to the curve, ?.e., when 
w 


my less than NMF’(0), 


or w less than NM?kF’(0). 


Thus, the temperature at which the metal passes into the super- 
conducting state is such that 


EN MMH ED). S050 8. Se bi) 


iNM is the electric force exerted by the doublets when they 
all point in one direction : if we denote this force by P, then 
W, the value of w at the critical temperature, is given by 


w)=MPF’(0). 


If the specific heat of the metal had not commenced to: 
diminish at this temperature, 6), the temperature of transition 
into this state would be given by the equation, 


RO,=NM?kF’(0)=MPF’(0). 


As, however, the transition takes place at very low tempera- 
tures, when the specific heats are variable and w no longer 
equal to RO, we must use a more general expression for w in 
terms of 6 to determine the critical temperature. The per- 
sistence of the chains after the removal of the electric force is 
due to the disturbance due to thermal agitation being too weak 
to break up the chains when once they are formed. The chains 
are held together by the electric force due to the doublets in 
the chain itself as well as by the external electric force, and 
when we approach the critical temperature the force due to: 
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the doublets is much greater than that due to the external field. 
We see this from the expression, 
NMW7F’(0)  _ 
I= NMPRE’O) 
This may be written as 


ae eee 
iawn” 
kl — Wo 
4 X, w-—wy 


Now, kl is the part of the force on a doublet due to the other 
doublets, and we see from this expression that when w is nearly 
equal to wy, kI is very large compared to X,, so that the re- 
moval of X, will not appreciably weaken the coherence of the 
chains. On the other hand, at temperatures considerably 
above the critical, kl is small compared with X,, so that the 
external force is essential for the coherence of the chains. 

If the disturbing effect on the chains is entirely due to the 
thermal energy, and if this energy vanishes at the zero of 
temperature, it will always be possible to find a value of w 
which satisfies equation (4) and there will always be a critical 
temperature ; z.e., the metal will be able to pass into the super- 
conducting state. It is possible, however, that the action of 
adjacent atoms may, independently of thermal agitation, tend 
to make the axes of the doublet take up a definite distribution 
of orientation giving a kind of crystalline arrangement to the 
metal, and that the doublets when disturbed from this align- 
ment come under the action of couples tending to restore them 
to their original positions. We can easily take this into account. 
All that we have to do is to replace w in the preceding equation 
by w+D, where D is proportional to the restoring couple for 
unit angular displacement, due to the mutually directive action 
of the atoms. 

The equation to the straight line (1) is now 


= Mk aie ee cee es ee te (5) 


We should expect the directive force either to be independent 
of the temperature or to vary but slowly with it. In this case 
the slope of the line will not diminish indefinitely as the tem- 
perature, but will reach a minimum value whose tangent is 
D/Mk. If this slope is greater than that of the tangent to the 


CONDUCTION OF ELECTRICITY. 535 


curve at the origin, whose tangent is NMF’(0), there will be 
no critical temperature; hence the condition for a critical 
temperature is 

D less than NM?kF’(0). 


The restoring couple may be regarded as due to a local 
electrical force L exerted by the neighbouring molecules. D will 
then be LM, and the preceding condition may be expressed as 


L less than PE’(0). 
w,’ the value of w at the critical temperature is now 
Wy = NEF’ (0) -D=M(PF’(0) —L). 


When the slope of the line is considerable, we have from 
equations (3) and (5) 


t=! Wy Xo 
k wtD—-w 
kiw+D—w,) 2 
a Pte 0G 
or 2a) is aes © (6) 
and o, the specific resistance, is equal to 
k'wt+D—w,) = (7) 
Wo ep 
Unless the temperature is very low, we may put w=R6, and we 
(RO+D—~w,) 1 
have o=k ie ep 


if oy is the resistance at 0°C. and a the temperature coefficient 
of the resistance, 
o,=0,(1+ at), 

where ¢ is the Centigrade temperature. Comparing this with 
the previous expression, we see that 
1 
D ae Wy. 

R 


The condition for the existence of a-critical temperature is 
D<w,, t.¢., that the temperature coefficient of the resistance 
when the temperature is not very low should be greater than 
1/273. 

When D is considerable the line (5) will be steep,so that at 
all temperatures the sntersection of the curve and the line will 


—— 
273-+- 
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be quite close to theorigm. Wemay, therefore, use equation 
(3) even for very low temperatures, so that at all temperatures, 


k (w+D-—vw,) 
epad Wo ‘ 


o— 


The temperature coefficient_of the resistance is proportional 
to do/d6, and this, as we see, is proportional to dw/d0. This 
quantity, the rate of increase of the energy with the tem- 
perature, is proportional to the specific heat at the tempere- 
ture 0. 

As the specific heats of many substances are very much 
smaller at the low temperatures obtained by the use of liquid 
hydrogen or helium, than at normal temperatures, we see that 
on this theory the temperature coefficients of metals which 
have no critical temperature ought to be very small at low 
temperatures. The experiments of Kamerlingh Onnes and 
Dewar and Fleming show that this is in some cases a very well 
marked effect. Fig. 4 shows the variation of resistance of 


gold and platinum suspected of not being quite pure ; it will 
be noticed that at very low temperatures the resistance becomes 
almost independent of the temperature. Similar effects are 
shown by many alloys ; they would, on the theory, be shown 
by any metal or mixture which had not too small a value of D 
and whose specific heat fell appreciably at low temperatures. 
In fact, the general behaviour of alloys seems to admit of a 
satisfactory explanation on the supposition that in them, or 
at any rate in those whose resistance is considerably greater 
than the value calculated from their percentage composition, 
the restoring couple D is much greater than in pure metals. 
This seems what we might expect when the alloy is not a mere 
mixture ; for if it was a definite compound of the two metals 
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we should expect that there would be a tendency for the axes 
of the molecules of one metal to have definite orientation with 
reference to those of the molecules of the other. Thesame thing 
would also apply if the metals did not form definite compounds 
with each other but did form crystals. 

We see from the preceding equations that if D were large for 
these alloys they would have (1) a small temperature co- 
efficient at normal temperatures and a very small one indeed 
at temperattires low enough to diminish'the specific heats, (2) 
they would not have a critical temperature and would never 
pass into the super-conducting state. These are characteristic 
properties of the resistance of alloys. 

Again, if there are m molecules of one metal, n of the other 
per unit volume we should from the expressions (B) for the 
specific resistance of a pure metal expect that the specific 
resistance of the alloy would be given by a formula of the type 
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As this involves the restoring couples D,, D, it cannot be cal- 
culated from the resistances of the metals when pure; we see, 
however, that o,—cy the difference in the specific resistances of 
the alloy at the temperatures ¢ and T is given by the equation 
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the D’s have disappeared from this equation, and it is exactly 
the value we should have calculated from the resistance of the 
metals separately. This is the result known as Matthiessen’s 
rule, which states that even when the specific resistance of the 
alloy can not, the difference between the specific resistance at 
two temperatures can he calculated from its constituents. So 
far we have supposed D is independent of the temperature ; if 
it changes appreciably with it, as it might be expected to do if 
the nature of the compounds, or mixed crystals formed by the 
two metals, did so, the temperature coefficients would show 
anomalies such as those found in alloys which have negative 
temperature coefficients. 

I have shown (‘ Corpuscular Theory of Matter,” p. 86) that 
the electric and thermal conductivities willon this theory beara 
nearly constant ratio to each other if the electrons which take 
part m the conduction are in thermal equilibrium with the 
metal in their neighbourhood. 
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The discovery by Kamerlingh Onnes, that at the temperature of 
liquid helium some metals can exist in a state in which their specific 
resistance is less than one hundred thousand millionth part of that 
at 0°C., appears to necessitate the abandonment of the ordinary 
theory of metallic conduction, as the experimental conditions pro- 
hibit the explanation of the phenomenon by an abnormal increase, 
either in the number or mean free path of the free electrons. The 
effects observed by Kamerlingh Onnes may, however, be accounted 
for by a theory of metallic conduction previously given by the 
author in “‘ The Corpuscular Theory of Matter.” On this theory the 
atoms of some substances contain electrical doublets—i.e., pairs of 
equal and opposite electrical charges at a small distance apart. The 
effect of an applied E.M.F. is to alter the heterogeneous distribution 
of the axes of these doublets by bringing them into partial alignment 
with the field. The influences preventing complete alignment are 
considered, and it is shown that if M is the moment of a doublet, N 
the number per unit volume, w the average kinetic energy of the 
molecules (=P 6,except at very low temperatures) and I is the resul- 
tant of the molecular moments in the direction of X the electric force 
on the doublets, then 
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in which F(x)=0 when x=0, and F(x)=oo when = is infinite. 

X is made up of the applied electric field X, plus an internal field 
due to the polarised doublets, the latter of waich is assumed to be 
proportional to I. Hence, X=X,+4I, and z=M(X,+4I)/w, or 
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For any value of X, the value of 1 can be found from the intercept 
of the straight line (2) with the curve (1). The effects due to any 
value of I will be the same as if I doublets per unit volume pointed 
in the direction of the field, the axes of the rest being uniformly dis- 
tributed in all directions, and the substance may be pictured as 
containing a number of chains of polarised atoms whose doublets 
all point in the direction of the field. The electrons in the atoms will 
be acted on by forces due to the neighbouring polarised atoms, and 
the theory supposes that in conductors the electrons are easily 
abstracted by these forces from the atoms toawhich they are attached, 
and pass, under their influence, from atom to atom round the polar- 
ised chain. If p electrons pass along each chain per second, and if 
there are x chains per square centimetre perpendicular to the field, 
the current density i=epn, where e is the electronic charge. It is 
shown that p is independent of X,. and so the ratio of i to X, will 
follow the same laws as that of I to X,. 

When w/Mk is large, as at ordinary temperatures, the slope of 
(2) will be steep and will intersect (1) near the origin where it 
approximates to a straight line. In these circumstances it is shown 
that Ohm’s law holds. As the temperature falls the slope of (2) 
also decreases, and may ultimately become less than that of the 
tangent at the origin of (1). In this case, if we start with an external 
field producing a polarisation, I, and gradually reduce the field to 
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zero, the point of intersection of (1) and (2) moves along the former, 
but still gives a finite value of I, when (1) passes through the origin— 
i.e., When X,=0—and a current continues to flow in the absence of 
an applied E.M.F. as observed in one of Kamerlingh Onnes’ experi- 
ments. 

On this view, therefore, the function of the applied field is to pro- 
duce the alignment of the doublets ; the actual transference of elec- 
tricity is effected by the large inter-atomic forces brought into being 
by the polarisation of the doublets. Thus, if the polarisation re- 
mains on withdrawing the applied E.M.F. the current will also remain. 


In addition to the disturbing effects on the chains due to thermal 
energy, there may be mutually directive action between different 
atoms such as gives rise to crystallisation. The effect of this is co2- 
sidered, and it is shown that if this factor is large the metal cannot 


become superconducting. 
DISCUSSION. 


Prof. S. P. THompson, in proposing a vote of thanks to the President 
for his Paper, said there were one or two points which he had not quite 
grasped in the course of the lecture, and which he would like to have 
cleared up. We were asked to assume a ring of polarised atoms with 
positive and negative sides producing an electric force which caused the 
transference of electrons from one atom to the next and so on round the 
circuit, this transference constituting the electric current. Although 
the responsible factor in the transference of the electrons was the internal 
force, an external force was necessary to produce this, and he did not see 
why, on withdrawing the applied field the process should go on instead of 
stopping after one, or, at most a few, transfers had taken place. Were 
there any physical grounds for supposing that the forces of restitution 
were greater in the case of mixed crystals than in homogeneous ones ? 
Lastly, he did not see the physical necessity of introducing the quantity 
D. Could the total force of restitution from all causes not have been 
included in a single symbol ? 

The PRrEsIpENT, replying to the points raised by Prof. Thompson, said 
that the energy was not spent in the movements of the electrons, but in 
creating the initial polarisation, and if, in any circumstances, this could be 
maintained, the current would go on without any loss of energy, except a 
little by radiation. The formation of mixed crystals of A and B was due 
to the force between a molecule of A and one of B being greater than that 
between two of A or two of B. Hence, the force of restitution called into: 
play on displacing a molecule will be greater in the case of the mixture 
than in that of the pure metals. He had thought it better to denote the 
force of restitution due to the directive action of neighbouring mole- 
cules, which did not depend much on temperature, by a separate symbol 
D, and keep it clear from the restoring couple due to the gyrostatic action. 
which did depend on the thermal conditions. 
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XL. On an Unbroken Alternating Current for Cable Tele- 
graphy. By Lireut.-CoLoneL GeorcE O. SQUIER, Ph.D. 


REcEIvVED May 28, 1915. 


I. Introduction. 


‘Tue object of this Paper is to propose a new angle of view in 
the method of transmission of signals in the submarine tele- 
graph cable, and to describe some apparatus for operating on 
the general principles involved. 

Although more particularly an engineering subject, yet it 
is brought before the Physical Society in the hope that some 
of its members may see in the plan proposed some points in 
the fundamental theory of ocean cabling for further research. 

The phenomenal progress of wireless telegraphy has been 
made possible only by the combined efforts of some of the 
world’s best-equipped physicists and the practical engineer. 
It is in the hope of a similar co-operation of effort for the 
advancement of cable engineering practice that I invite your 
attention at this early stage of development. 

Experiments have been conducted during the past two years 
at the works of Messrs. Muirhead & Co. (Ltd.) with a view of 
determming the practical application of the sine-wave type 
of K.M.F. for cable signalling. The results thus far obtained 
have only been made possible through the wide range of ex- 
perience and practice which this distinguished firm of cable 
engineers have been able to bring to bear on the subject, and 
they have taken a leading part throughout the experiments 
carried out. 

Sixteen years ago Dr. Crehore and the author conducted 
some experiments on an Atlantic cable from Waterville, 
Ireland, to Nova Scotia, Canada, using a special form of 
dynamo as a source of power for operating the cable. 

A transmitter was also devised, in which a special feature 
was the cutting out or suppressing from the alternating 
current certain definite semi-waves of current which enabled 
the cable code to be transmitted. 

At that time the demand for increase of speed over ocean 
cables was not pressing. In fact, the particular cable used 
was idle for several hours each day, which fact, however, 
greatly facilitated the opportunities for experimenting, 
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Wireless telegraphy did not then exist, and the cable relay 
or amplifier had not appeared, so that very accurate balancing 
of the duplex-bridge was not required. 

Conditions haye changed materially since 1899, until at the 
present moment, it may be said that the matter of obtaining 
increased speed on ocean cables with present apparatus, is 
largely controlled by the accuracy with which the duplex- 
bridge may be balanced. 


Il. An Ocean Cable Considered as a Power Line. 


If an engineer were required to design a system for operating 
an electric motor through an Atlantic cable, no form of gene- 
rator could be proposed at present, other than a single-phase 
alternating current of thesine-wavetype. This form, we know, 
will deliver power at the receiving end of the cable more 
efficiently than any other shape of. wave. Furthermore, 
during the operation of such a motor, the generator would be 
allowed to run smoothly and regularly, and, in particular, the 
generator circuit would never be metallically opened or closed 
during operation. 

The opening and closing of an alternating current circuit 
is well known to produce disturbances of a more or less pro- 
nounced character, depending upon the angle of phase at 
which the current is opened or closed. ; 

Since improvement of the duplex-bridge balance, as stated 
above, is really at present a most important desideratum, 
experiments were made using the Muirhead artificial cable 
to compare the present forms of battery transmitters with 
various modifications of the sine wave of E.M.F. 

In the last analysis it was always the opening and closmg 
of the transmitter circuit which produced the final kick or 
“jar” in the balance. This is not surprising when we re- 
member that, from an electrical standpoint, few things can 
be done to a circuit more severe than suddenly to introduce an 
infinite resistance into it. 

However, since there is an appreciable spark or are at the 
instant of opening the battery transmitter circuit, this dis- 
charge controls to a greater or less degree the character of the 
break ; ‘but the exact influence of this is not so easy to predict, 
for, though it is probable that the current dies away quicker 
with a sudden break than it does with a very slow one, which 
permits the arc to remain for some time, yet it is not proved 
certainly, for the more rapidly the break is made the faster 
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the resistance increases, and therefore, probably, the rate of 
change of current, and with it the counter E.M.F., increases. 
An increased E.M.F. can bridge a longer gap, but a longer gap 
may be made in the same time that a short one is, with a less 
velocity at the break. So it appears that these two considera- 
tions counteract each other, and it all depends upon which has 
the greater influence. 

It was only after many variations of the simple alternating 
current had been tried in the course of experiments to perfect 
the duplex-balance of the bridge that the fundamental principle 
of never breaking the transmitter circuit became impressed. 

Continuing the analogy of the power plant, it may be re- 
marked that practically every form ot cable recorder, amplifier 
or relay is essentially an alternating-current motor. Its field 
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Fic. 1.—SmmeLtex Circuit FoR OCEAN CABLE CONSIDERED AS A POWER 
, LINE. 


magnets, armature coil and the counter E.M.F. of damping are 
subject to the same laws as in the motor for power purposes. 

Let us assume, therefore, as a starting point, the standard 
type of circuit for operating a cable simply as a power plant 
as the ideal solution of the problem, and then determine by 
experiment how near this solution may be retained in practice 
for the purpose of transmitting cable signals according to the 
present alphabet. In this plan it will be the continued experi- 
mental purpose to determine the minimum possible variations 
in such asystem to enable the alternating current received to be 
interpreted into dots, dashes and spaces. 

A siphon recorder placed in the receiving end of such a 
cable plant would trace on the recording slip an uninterrupted 
sine-wave of current which may be considered as the theo- 
retically perfect form of siphon record always to be aimed at, 
although never to be actually attained in practical telegraphy. 

In Fig. 1, D represents a single-phase alternating-current 
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dynamo, R and BR’ are resistances and M’ is a motor to be 
operated. 

Since a circuit comprising an ocean cable is largely over- 
loaded. with capacity, and already includes a large ohmic 
resistance, it will be in the direction of increasing the resultant 
harmonic current flowing in such a circuit, to insert in the 
sending end of the cable a variable inductance, Ly. For 
symmetry, L’ is a variable inductance similar to Ly. 

T and T’ are iron-cored transformers or auto-transformers, 
the coils of which are of low resistance, and connected directly 
to earth at E and E’. : 

The circuits in Fig. 1 are closed circuits throughout. 

For duplex working Fig. 1 becomes Fig. 2, in which L,, La, 
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Fic, 2.——DupLex Crrcvit FoR OCEAN CABLE CONSIDERED As A Power LINE. 


L, L, are the inductance arms of the bridge, and the motors 
M and M’ are inserted in the usual manner for cable working ; 
Al and Al’ are the artificial lines. 

It now remains to inquire as to what modifications must be 
made in the typical duplex power-circuit in Fig. 2 to enable 
the motor recorders to indicate the elements of the cable 
alphabet. These elements are three in number, and only 
three—i.e., the dot, the dash and the space—and each of them 
is equally important in interpreting the record, and for this 
reason they will each be considered in the general sense as 
signal units, rather than the usual way of regarding only the 
dots and dashes as the signals, and not the spaces. 

It is also usual to speak of cable speeds in terms of standard 
letters per minute transmitted ; but for our present purposes 
it will be more convenient to convert this speed into terms of 
the frequency of the dynamo. The graph (Fig. 3) exhibits the 
linear relation between n, the frequency of the dynamo, and 
letters per minute transmitted, based on the assumption that 
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the average cable letter, with its space, requires four units of 
alphabet time. 

Careful experiments on an Atlantic cable confirm the theory 
of the subject—that, no matter what the shape of the alter- 
nating current transmitted, approximate sme waves are 
received at the distant end of the cable. Battery reversals 
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produce just as accurate sine-wave signals on the receiving 
recorder as does the alternator itself. 
on, td ha is the fundamental term of the Fourier 
which is ; i i 
eae Rae i Rage m making the record at the 
Since, therefore, both theory and experiment show that a 
sine form of wave is the only one which can pass through the 


CABLE TELEGRAPHY. 545 


cable without changing its characteristic shape, it should be 
an advantage so to alter the typical power circuit in Fig. 2 as 
to preserve the sine characteristic as far as possible. 

This can be done in a simple manner by operating upon the 
primary circuit of the transmitter containing the generator, 
to alter the impedance of the circuit in synchronism with the 
generator itself. The problem is the more simple from the 
practical standpoint, because we are dealing with frequencies 
from about 4 to 10 cycles per second, and, therefore, it 1s easy 
to operate with great accuracy on this primary current at any 
angle of phase. If the change of impedance of the primary 
circuit always takes place at the instants when the current 
flowing in the circuit is naturally zero, the fundamental fre- 
quency of the current will not be changed, and the sine charac- 
teristic of the wave will be very approximately maintained. 
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Fria. 4.—CuRnRENT WAVES FOR TRANSMITTING THE LETTERS 4, b,c AND d 
BY THE ALTERNATING CURRENT. 


Varying the impedance of the primary circuit will change the 
amplitude of the individual alternations of the current. 

Another way of stating the effect is that the voltage between 
the end of the cable and the earth is made to vary by this pro- 
cess, to indicate the three elements of the cable alphabet. It 
should be noted that this plan transmits alternating current 
for the spaces between letters and words with exactly the same 
regularity and integrity as for the signals themselves. 

Dots, dashes and spaces are each transmitted by impulses of 
either sign, differing from each other only in amplitude. 

Fig. 4 shows diagrammatically the form of current waves 
transmitted for the letters a, 6, ¢ and d with the accompanying 
spaces required. 

Although an alternating current operated upon as above 
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outlined could be read directly from a standard siphon record. 
yet it would be considered an advantage if the final received 
record could be printed in Morse characters on the usual 
receiver slip. To accomplish this it will be necessary to pro- 
vide an apparatus which operates solely by the amplitude of 
the current waves received, and not by their sign. Further- 
more, since the impulses transmitted and received for the 
spaces are not required on the printed slip, the apparatus 
should be capable of sorting out and omitting these parts of the 
record automatically. 


Description of Circwits Used. 


Fig. 5 shows diagrammatically one form of circuit arrange- 
ment based on the above principles for transmitting and 
receiving messages. The usual transmitting condensers are 
shown in the arms of the duplex bridge, instead of the induc- 
tances L,, Ls, Ls, Ly. The ordinary transmitting tape is 
caused to move synchronously with the generator by being 
geared directly to its armature shaft. The perforations in the 
tape are of such a size that the tape advances a distance corre- 
sponding to one semi-cycle of the alternator for each individual 
perforation. 

Since in a circuit comprismg an ocean cable on which is 
impressed an alternating E.M.F. the current leads the E.M.F. 
by an angle which in an infinite cable is constant at 45 deg., 
it is necessary to provide in the transmitter, mechanism for 
moving the tape carriage longitudinally relative to the per- 
forations in the tape. A micrometer screw is provided for this 
purpose, and by its use the current can be operated upon 
accurately at any angle of its phase, and in practice it is so 
adjusted that the impedance of the primary circuit will be 
changed at the instants of zero phase of the current. Since 
also the angle by which the current leads the E.M.F. is depen- 
dent upon the resistance of the primary circuit, there is also 
provided in addition an adjustment of the transmitter for the 
very slight difference of phase for the dot-and-dash conditions, 
so that in effect all operations on the primary current, whether 
for a dot, dash or space, are adjusted to take place at the zero 
point of current. 

The general operation of the transmitter mechanism is as 
follows ; When no holes are perforated in the tape ¢, the whole 
resistance R is in the primary circuit and an alternating 
current is transmitted, which corresponds to spaces between 
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letters and words, and when a perforation in the tape is on the 
dot side, part of this resistance R is short-circuited, and when a 
dash perforation occurs, all of this resistance 1s short-circuited. 
The relative values of these resistances being adjustable, the 
amplitude of the individual alternations are under complete 
control by the ordinary transmitting tape. 

In the figure is shown diagrammatically the arrangement for 
causing a dash impulse to be sent by the transmitter by short- 
circuiting the whole of the resistance R for a time correspond- 
ing to one semi-cycle of the alternator. r is an ordinary relay, 
k is an electromagnet which operates at the end of each signal 
or group of signals. The line / leads to an exactly similar 
arrangement which is provided for the dot impulse by which a 
certain proportion of the resistance R is short-cireuited. In 
practice these two arrangements are side by side, and in the 
figure the dot arrangement would be immediately behind the 
one shown for the dash. 

The tape carriage can be moved longitudinally by a micro- 
meter screw which is not shown in the figure, and has an adjust- 
ment over a range of a complete semi-cycle. The contacts s 
and s’, and similar ones for the dot mechanism are adjustable 
by slow-motion screws, so that the instants of contact for a 
dot and for a dash have an adjustment relatively to each other 

A convenient method of observing the wave-form produced 
by the transmitter, and for making the above adjustments, is 
to include an ordinary siphon recorder in the transmitter 
circuit, or, better, in the cable itself at the transmitting end ; 
by connecting it at the terminals of a very low resistance in the 
circuit. At the very low frequencies involved, the siphon 
recorder becomes a most useful and accurate current curve- 
tracer, and enables the experimenter to observe exactly the 
shape of wave being transmitted into the cable for any adjust- 
ment of the transmitter. Once these adjustments are made tor 
any particular cable they remain unchanged. 


Form of Receiving Circuits. 


One practical arrangement for receiving the signals on a 
Morse printer is shown diagrammatically in the upper part of 
the figure. 

Fis an adaptation of the well-known Muirhead gold-wire cable 
relay, in which / is the gold wire which oscillates between the 
platinum contact posts /§/, about a fixed point at F. A second 
pair of posts /*/* is provided, and each of these pairs has an 
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adjustment for altering their distance apart and also for 
moving them longitudinally along the gold wire and relatively 
to each other. Instead of being separate contacts, as in the 
usual case with this relay, each of the pairs are electrically 
connected as shown. F’ is a local wire relay of similar prin- 
ciple, and /’ is its moving part which in its oscillations makes 
contact with the posts /4/* adjustable as above ; h and h’ are 
electromagnets for operating the dot and dash arms of the 
printer ; g and g’ are two arms pivoted at their outer ends, 
adapted to make a siphon record at their free ends m the 
centre upon the moving tape shown beneath. The arm 9 is 
forked to record two ink marks on the tape symmetrically on 
either side of the central mark made by the arm g, and in line 
with it across the tape, so that both arms can make a record 
simultaneously on the tape for a dash. 

The incoming alternating current thus causes the gold wire 
f to oscillate back and forth with different amplitudes depend- 
ing upon whether dots, dashes or spaces are being received, and 
the posts /?/? are adjusted so that the space amplitude just 
does not make contact, but does make contact for a dot ampli- 
tude of either sign. In like manner the posts /*/* are adjusted 
so as just not te record a dot impulse, but to make contact 
for the larger amplitude of a dash of either sign. It is seen 
that both a dot and a dash contact are made whenever a dash 
amplitude is received. The flexible gold wire f in its motions 
about F first strikes the posts /°/?, and there is a bending or 
wrapping effect produced in the wire, which for the stronger 
dash impulses causes contacts with /?/2 also. The relay F’ 
operates similarly through a moving arm, making contact with 
the posts /#/* separately or both together, depending upon the 
amplitude of its swing. 

The printer itself becomes an apparatus of marked sim- 
plicity, and is nothing more than two small siphons adapted 
to mark on the slip in the usual manner. 

In practice, all adjustments are so made as to provide for 
transmitting for the spaces as large an amplitude as possible 
instead of as small an amplitude as possible, in order to appro x1- 
mate more nearly to the ideal electrical conditions for trans- 
mission through the cable itself. 

In case a cable magnifier such as the Heurtley instrument is 
used instead of a gold-wire relay, it would be inserted in Fig. 5 
in the recorder arm of the bridge, and operate a local wire 
relay and printer ‘nstead of the usual recorder. Since the 
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relay operates on difference of amplitude of the waves, and not 
on their absolute value, a cable magnifier would serve to exalt 
the value of this difference and furnish a greater margin for 
practical working. 


Resolving Power or Definition. 

The ideal alphabet to employ in cable signalling would be 
one in which other things being equal, each letter had the same 
limit of legibility ; because if this is not so, the speed of sig- 
nalling is lowered to meet the legibility of certain letters only. 
In present cable practice, what may be called the “ resolving 
power,” or the definition, is not equal throughout the letters of 
the alphabet. 

Letters like “ a” or “n,” for stance, may be considered as 
perfect letters, and whether sent by one complete cycle of 
E.M.F. of a dynamo, or by two square-topped waves of equal 
area and opposite sign separated by a time interval, produce 
on the siphon record approximate sine-waves. On the other 
hand, letters like “s ” or “h,” where three or four square- 
topped waves of the same sign are sent into the cable con- 
secutively, the received record at high speed fails to resolve 
these separate impulses, and the siphon record becomes a 
more or less continuous hump of large amplitude, which the 
expert operator learns to read without being able to detect the 
individual impulses ; in fact, some practical operators seem to 
prefer these letters to what are known as “ cross-letters,” such 
as “a” and “n. ” 

Careful experiments have been conducted through long 
cables, which prove, however, that the so-called “ cross- 
letters ” have a superior legibility, which obviously should be 
the case from theoretical considerations only. 

We may consider the siphon record of an uninterrupted 
alternating current as possessing 100 per cent definition, 
independent of the frequency, the voltage employed, or the 
particular cable used, and regard it as the standard of definition 
for all signals. Indeed, such a record is, in fact, a message 
composed of a series of the letter “a” joined together without 
spaces between. 

In present practice it is found necessary to insert a receiving 
condenser in series with the recorder coil, or an inductive shunt 
around the coil, for the purpose of improving the definition of 
certain letters of the alphabet, such as “s ” and “h,” as well 
as to eliminate from the record the effects of earth currents 
of very low frequency induced in the cable. 
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Ill. Electrical Measurements of the Cable Circuits. 


One of the chief attractions in the use of an unbroken 
alternating current for operating the cable is the fact that for 
the first time we are enabled to measure the constants of the 
different elements of the bridge and cable circuits employed 
under actual signalling conditions. Since one particular fre- 
quency is used and the current is never broken, it is necessary 
and sufficient to use the ordinary commercial hot-wire ammeters 
and voltmeters which are now available over suitable ranges. 

A tachometer is attached to the dynamo armature shalt, 
so that the frequency is indicated continuously, and these 
readings, in connection with those of the ammeter and volt- 
meter, are all that are required to determine the impedance 
and phase angle of any part of the transmitter circuit, including 
those of the cable itself. 

In the present forms of battery transmitter a square-topped 
wave is employed, and, in addition, it is found necessary to 
disconnect the battery and connect the cable to earth during a 
portion of each individual signal sent. The reason for this is 
that, in this form of wave, the cable receives a charge dependent 
- upon the time during which the key remains closed for the 
signal, and when the circuit is opened it is necessary to give 
time for the cable to become discharged before the succeeding 
signal can be sent. This discharge is shown in the spark that 
is seen in the present form of transmitter when the circuit is 
broken. The percentage of time of each elementary signal 
during which the cable is connected to earth varies according 
to the cable, but in long cables it is usually about 25 per cent. 
of the whole time of the signal. 

This means that of necessity the cable is entirely discon- 
nected from the battery at both ends for a period aggregating 
six hours per day, due to the present method of sending the 
individual signals. 

This discharge of the cable has, indeed, been turned to 
account for a useful purpose by the late Mr. Gott,* who quite 
recently developed a system of transmission in which the dis- 
charge of the cable is ingeniously utilised to operate the tongue 
of a relay, which causes the succeeding signal to enter the cable 
with the opposite sign. 

This form of square-topped wave, when combined to make 
up letters and words, causes a broken and irregular form of 


* British patents No. 10,534 and No. 22,364 of 1912. 


552 LIEUT.-COL.: G. O. SQUIER ON 


current to enter the cable, which precludes the possibility of 
measuring the ordinary quantities, such as voltage, current, 
impedance and phase-angle of the different elements of the 
circuit. This is extremely unsatisfactory from an engineering 
standpoint, and retards progress. ~ 

The development of the modern artificial line for simulating 
the action of the cable has required a large amount of patient 
and careful work extending over a number of years. As soon 
as any form of break, with its consequent spark or are, is 
removed from the transmitter circuit, and an alternating 
current of one frequency only is substituted, the artificial line 
can more faithfully represent the action of the current flowing 
in the real cable, and its construction may be simplified. 


Transmitting Impedance of an Atlantic Cable. 


In the case of long submarine cables having resistance and 
distributed capacity, self-induction and leakance being ne- 
glected, we have the well-known sine-wave formule for an 
infinite cable 


Ve, CRe 
o=He 2 sin{ot—r — a}. = «41 Se. ee 
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e and 7 represent instantaneous values of the voltage and cur- 
rent at any point of the cable at a distance x from the origin 
and a time ¢: E is the maximum value of the E.M.F. applied 
to the cable, R and C are the resistance and capacity of the 
ere pee uae ea @ is 27 times the frequency, 
rese formule are accurate for all i 1 i 
case of long cables, as will be shown babar 5 sil or 
At the transmitting end of the cable e=0, and (2) becomes 
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where I is the maximum current and @ is the an i 
eb 

the current leads the E.M.F. This angle is otsiitaal Een 

to 45 deg. The transmitting impedance of the cable is 
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where c, is constant for any particular cable. 
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a! 


Let us assume j 
R=4,895 ohms. 


C=914-10- farads. 
Length=2,164 nautical miles, 


data which represent one of the best transatlantic cables. 
Substituting in (5) and (6) we have 


923°2 
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The graph (Fig. 6) represents the impedance-frequency curve 


ATLANTIC CABLE - TRANSMITTING IMPEDANCE 


IMPEDANCE - OHMs = Z, 


FREQUENCY = TL 
Fria. 6.—TRANSMITTING IMPEDANCE OF A TRANS-ATLANTIC CABLE AS THE 
Sppep or SIGNALLING IS VARIED. 


at the transmitting end of this particular cable plotted from (7). 
For n=5, or at 150 letters per minute, the cable impedance 

is 412 ohms, or only 8-4 per cent. of the ohmic resistance of the 

cable. 

The impedance of this same cable, as measured by the 

ammeter-voltmeter method, for a frequency of n=5-03 1s 


397-5 ohms. 
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With 50 volts on this cable at the same speed of transmission 
the current flowing into the cable from (8) 1s 


I=0-12 ampere. 


The transmitting impedance is most sensitive to change of 
frequency at the lower frequencies, and by increasing the speed 
from n=4, or 120 letters per minute, to n=9, or 270 letters 
per minute, the cable impedance is decreased in the ratio of 
3 to 2, and the current correspondingly increased. The same 
values of impedance and current deduced above apply to the 
equivalent artificial line, which is made to balance as far as 
possible the real cable. 

By inserting a hot-wire ammeter in the cable itself beyond 
the bridge, and also connecting the transmitting end of the 
cable to earth, through a suitable voltmeter (preferably an 
electrostatic instrument, to prevent any disturbance of the 
bridge balance), we have the means at hand for determining 

_the best transmitting conditions for any particular cable and 
frequency of signallmg. Heretofore the value of the trans- 
mitting condensers in the duplex arms of the bridge have been 
more or less arbitrarily assigned by certain practical rules 
obtained by an expert study of the signals themselves. Here, 
however, we may approach the problem more scientifically by 
so adjusting the values of the condensers or inductances, or 
both, in the bridge branches as to produce a maximum reading 
of the hot-wire ammeter in the cable itself for any particular 
voltage assigned. The criterion for best transmitting con- 
ditions alone would be that the transmitting impedance should 
be a minimum, or the current flowing into the cable as measured 
by a hot-wire ammeter should be a maximum for any par- 
ticular signalling frequency. 

This practical method is, of course, entirely analagous to 
the present practice of inserting a hot-wire ammeter in the 
transmitting antenna of a wireless station, except that in the 
latter case we can go much further and adjust for the maxi- 
mum current possible at the maximum point of the resonance 
curve of the antenna. In the cable circuit we are dealing, 
not with resonance, but with forced waves maintained by the 
dynamo, 


Electrical Stress Upon the Cadle. 


Submarine cables are at present operated by primary 
batteries giving an open-circuit voltage of from 50 to 80. The 
main reason for this is, of course, the constant fear of sub- 
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jecting the cable itself to undue electrical strain, particularly 
in the deep sea portion. where repair is difficult and expensive. 
This is not the only reason, however, although it is the prin- 
cipal one. 

The present form of battery transmitter impresses upon 
the cable square-topped waves, which may be analysed by 
Fourier’s method, and in the hands of Malcolm and a few 
others the wave-form has been worked out and predicted as 
the wave passed through the cable to the receiving end. Since 
we know that it is only the fundamental term of the Fourier 
analysis which produces an appreciable effect at the receiving 
end, all of the harmonic waves which are required to build up 
the square-topped form of wave are impressed upon the cable 
at the transmitting end, and are absorbed in the cable itself, 
and never reach the receiving end. These, therefore, represent 
superfluous electrical charge impressed upon the cable, and 
this charge for each signal must be got rid of before the suc- 
ceeding signal can be sent into the cable. 

It is, therefore, probable that a practical limit would soon be 
reached in the present form of transmitter, where the mag- 
nitude of this extra charge sent into the cable would become 
so great that there would be little advantage in further m- 
creasing the E.M.F. 

The direct influence which increase of voltage produces on. 
the amplitude of the record received as the frequency changes 
is shown in the graph (Fig. 7). These data were obtained over 
a submarine cable from New York City to Canso, Nova Scotia, 
of 

: R=13,700 ohms. 
(-=231-4'10-® farads. 
Length 880-6 nautical miles. 


The cable was used at the transmitting end simplex, without 
condensers, and at the receiving end the ordinary duplex 
arrangements were employed with 50 mf. condensers, and the 
cable recorder was adjusted once for all, and remained un- 
changed throughout the experiments. The receiving arrange- 
ments were not particularly sensitive, and the recorder was not 
readjusted as the frequency was increased. ; 

It will be observed that, within the limits of these experl- 
ments, the amplitude of the excursions of the siphon increased. 
with the voltage for any particular frequency of the dynamo, 
and as the frequency was increased, the. voltage remammg 
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constant, the double amplitude of the siphon record gradually 
decreased. Theoretically, these lines are curved lines, but for 
observations up to 30 volts, with but one adjustment of the 
recorder, the right lines in this figure best represent the actual 
observations at each voltage. 

It is seen that these lines converge towards a common 
vanishing point at somewhere about n=7, which means that, 
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Frequency = TV 
Fic. 7.—Vartation or Douste AMPLITUDE oF SIPHON ReEcorD WITH 
CHanen IN Frequency, {VouTacr Constant. 


with the limited sensibility of the particular recorder used 
(which may be considered as an ammeter if properly cali- 
brated), we cannot expect by any increase of voltage to signal 
faster than about n=7 with this particular cable. 

This graph has been made from data of experiments made 
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17 years ago, and since that date, due to the great improve- 
ment in sensibility of cable relays and amplifiers, the vanishing 
point at the present day for this cable would be moved to the 
right along the axis of absissa, to some point corresponding 
to n equal a considerably larger number than 7. 

The above outline will be sufficient to show that in the case of 
an alternating current being impressed upon a cable, increase 
of voltage for signalling purposes should be considered from 
a new point of view, for we know that the power impressed 
in this case varies directly with the square of the voltage used 
in transmitting. 


Maximum Voltage Along the Cable. 


In (1) and (2) above, it is seen from the exponential factor 
that the maximum ordinates of the E.M.F. and current waves 
decay according to the logarithmic law, and that the rate of 
decay is dependent wpon the capacity and the resistance of the 
cable per unit length, and also upon the frequency. 

Assuming n=5, or 150 letters per minute, the instantaneous 
value of ¢ or i, and also the maximum volts per volt at sending 
end have been computed for the Atlantic cable of Fig. 6, and 
are shown in Table I. 


Tasue I. 
Maximum volst 
Frequency=n. | Nautical miles. €or t. _ per volt at 
sending end. 

5 0 1 1 

os 135 0-5135 05924 
on 270 0-1755 0:3510 
as 405 0 0:2079 
ie 540 —0-0616 0-1231 
af 675 - —0-0630 | 0:0729 
p 810 —0-0432 0-0432 
” 945 —0:0222 0-0256 
Py 1,080 —0-:0076 0-0152 
op 1,215 0 0-0090 
* 1,350 | 0-0027 0-0053 
¥ 1,485 | 00027 | 0-0031 
rf 1,620 0-0019 | 0-0019 


These relations are shown graphically in Fig. 8. It is seen 
from the table that the maximum voltage impressed upon the 
cable has decreased to 1/500 of its original value in one com- 
plete wave-length, and to 0.5924 of the original value in the 
first 135 nautical miles from the transmitting end of the cable. 
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At this speed of signalling a complete wave is 1,620 nautical 
miles in length ; also we have 
4=1,620 nautical miles 


T= ae second. 
n 5 
Total length of cable=1-33/. : 
Rate of propagation of wave through the cable=,=8,100 


nautical miles per second, or the time required for the wave 
to travel the length of the cable=0-27 of a second. 


T=5 =150 Lerters Per Minute 
A= 1620 Knots 


500 1000 i500 
LENGTH or CABLE - KNOTS 


Fria. 8.—Vortace Stress on Trans-ATLANTIC CABLE FOR n=5, OR 150 
Lerrers PER MINvuTE. 


The frequency » has a marked influence upon the rate at 
which the amplitude of the wave decreases as we proceed along 
the cable from the transmitting end.= The distance at which 


this amplitude will have . of its original value is the reciprocal 


of the coefficient of x in the exponential term of (1), or 


2 
oak ee a OF i i 
c= CR 258 nautical miles. 


or @’ varies inversely with the square root of the frequency. 
This means that if we increase the speed of signalling from 
n=4 to n=9 the higher frequency wave will experience the 
same decrease in voltage in two-thirds of the distance from 
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the transmitting end. In other words, the higher the speed otf 
signalling attained on any eable for a given transmitting 
voltage the safer the cable is from electrical strain. Increase 
in efficiency of the cable plant means increase in safety also. 

With a battery, it is’ possible to subject every centimetre 
of the cable to the full voltage stress of the battery, as occurs 
whenever the usual insulation resistance test of the cable 
is made, or in case the transmitting condenser should be 
accidentally short-circuited. 

With the alternating-current dynamo, however, it is impos- 
sible either by accident or by design to produce in the cable in 
the deep sea portion any voltage, even momentarily, of more 
than a small fraction of the voltage used at the transmitting 
end. 

This suggests, as has been done before, that, by designing 
submarine cables with heavier insulation over comparatively 
short distances at the ends, we can employ higher voltages in 
signalling with no possibility of subjecting the cable to undue 
electrical strain at any point of its length. 

Submarine cables before laying are at present subjected 
to a stress of several hundred volts in the cable tanks for 
a considerable period, and if there is a material advantage 
in speed in increasing the signalling voltage there would seem to 
be no good reason for hesitating in the slightest degree to 
increase the voltage moderately in actual traffic. 


Receiwing Conditions. 


In a long cable there is no reactive influence upon an ammeter 
or voltmeter placed in any circuit at the transmitting end due 
to any variation in the form of apparatus inserted at the 
receiving end of the cable. Opening and closing the cable 
circuit produces no perceptible indication. The energy of the 
waves may be considered as leaving the transmitting end of 
the cable along the conductor path never to return. 

We are, therefore, at liberty to consider the electrical con- 
ditions for best receiving, separately and independently of the 
conditions for sending, and then inquire how far these two sets 
of conditions can be made to harmonize with each other. 

Fig. 9 shows one of the standard arrangements for operating 
‘on long cables in which the values of the condensers and the 
resistance of the recorder coil as shown have become more or 
less fixed quantities in cable practice. The condenser ¢ is 
limited to this comparatively small value, as its main function 
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is to improve the definition of letters like “s ” and “h,” for 
there is no need to correct for letters like “ a” and “n.” 

This lack of uniform resolving power for all letters, at present 
limits the free use of any value of condenser in this arm which 
would be the most suitable from electrical considerations to 
increase the value of an alternating current in the recorder coil. 

In Fig. 9 the attenuated alternating current at the receiving 
end of the cable is divided at the point B of the duplex bridge, 
and again subdivided at A and C inversely as the vector- 
impedances of the paths. 

In the recorder arm BC the ideal electrical conditions would 
be to so assign values to the receiving condenser c, and the 
inductance and resistance of the recorder coil, as to cause this 


B 
80.MF 4 
c+40.MF 
A 
R=4%0. OHMS 
BO.MF 


c a 
Fic. 9.—Form or Dupiex Crrourr usep on Lone Casirs. 


arm of the bridge to be in resonance, entirely independently of 
the cable itself, the artificial line, or of any other arm of the 
bridge. In other words, we should so arrange matters if we 
could that if the arm BC is short-circuited on itself its natural 
frequency would be equal to the frequency of the current it is 
required to receive. In the abstract, there would be an 
infinite number of solutions for this arm, depending upon the 


: aria 
stiffness function G selected, each solution fulfilling the con- 
dition, CLw?=1. 


The Cable Dynamo. 


The alternator has been designed for the particular purpose 
of operating a cable, and possesses some novel features. Since 
we cannot reduce the number of poles to less than two, we must 
rely on a high magnetomotive force, and a minimum clearance 
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for the armature to produce, at such low frequencies, the 
voltage required. 

In addition, it is especially desirable to generate an accurate 
sine wave of E.M.F. These objects have been satisfactorily 
obtained in the design of the machine used in these experi- 
ments. 

The resistance of each of the field coils is nearly 1,000 ohms, 
and the inductance of the armature largely controls the cur- 
rent in the armature circuit, so that the machine can be short- 
circuited at full voltage without harm. 

In starting and stopping the dynamo no form of switch is 
used, but, instead, the motor which operates the dynamo, 
starting from rest, gradually builds up the E.M.F. from zero, 
which gradually dies down to zero at stopping. In this manner 
there is never any possibility of a “ break” in any metallic 
circuit connected with the transmitting apparatus. 

Since the dynamo transmitter comprises the power plant 
for an ocean cable, it must, therefore, take its place on the 
instrument table, where the transmitter is directly geared to it. 
The armature is mounted on ball bearings, and runs with 
remarkable silence and smoothness under load. 

The developments of wireless telegraphy have introduced 
alternating-current dynamos of considerable power of 100,000 
and even 200,000 cycles per second ; but for the present pur- 
pose we require an alternator to operate at from 4 to 10 cycles 
per second, and to develop 100 volts or more. This type of 
dynamo possesses some interest to the engineer, because it 
may be said to represent the extreme infra-red end of the 
dynamo spectrum, just as the high-frequency machines men- 
tioned above represent the ultra-violet end. It would be » 
strange indeed if the needs of telegraphy should be ultimately 
responsible for the development of both ends of this spectrum. 


TV. Summary. 


In the phenomenal development of the wireless art many 
snstruments and methods have been imported from the much 
older art of wire telegraphy. In like manner may we not, to 
advantage, re-import some of the methods and instruments 
developed in wireless telegraphy into the art and science of 
cable telegraphy ? 

It has been truly said that “we begin to understand a 
phenomenon when we can measure it,” and for this reason 
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alone the present plan, it is thought, will appeal to physicists 
and engineers. 

It is seen that once we can employ a system of signalling 
in which we are dealing with one fundamental frequency only, 
and the circuit is never broken, the process of measuring the 
constants of the cable itself and the most suitable bridge 
arrangements for high efficiency is greatly simplified. 

The removal of any form of arc or spark from the cable 
circuit has been shown to very materially increase the accuracy 
of balancing the duplex bridge, while the smooth type of waves 
employed in sending the signals has enabled this important 
object to be attained with an accuracy greater than has been 
possible before. 

Using the low-resistance coil of a transformer or auto- 
transformer as the actual source of E.M.F. in the circuit com- 
prising the cable itself, enables each end of the cable to be 
permanently connected to earth, thus providing a dramage 
path for earth currents of all kinds induced in the cable, and 
also adding to its safety. 

The present forms of cable recorders, relays and amplifiers, 
when relieved from the necessity of recording consecutive 
impulses in the same direction, are liberated from some prac- 
tical restrictions which have heretofore hampered them. 

In the example shown the recorder coil of the gold-wire 
relay oscillates back and forth at a definite frequency, and the 
inertia of the moving parts is, therefore, less troublesome, and 
we are at liberty to increase the flux of the magnetic field, as 
well as reduce the control of the coil so as to allow it to vibrate 
more freely at its natural frequency. 

No mention has betn made of the possible application of 

this method of transmission to landlines, but it may be re- 
marked that in the present Wheatstone automatic system 
there is great trouble caused by the induction of one line upon 
another, and if we could remove from the Wheatstone system 
the necessity of making and breaking the battery circuit at 
comparatively high voltage we could, at a single stroke, very 
largely reduce all such inductive effects. 
_ The more usual method of developing a system of telegraphy 
is what might be called the “ synthetical method "—that is, 
having certain fundamental principles which are proved to be 
. correct, to endeavour to build up a system in practice which 
will possess as many as possible of these principles. 

This method was employed in the earlier stages of these 


ee 
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experiments, but it was only after abandoning this course 
altogether, and starting with the ideal solution as outlined 
above, that it was possible to proceed without radical com- 
promise. It is known, for instance, that certain characteristics 
are very desirable in any cable system, such as 

(a) All signals should represent equal lengths of time ; 

(b) No two consecutive signals should be of the same sign ; 

(c) The resolving power or definition of each letter of the 
alphabet should be as nearly as possible the same ; 

(d) The total quantity of electricity measured in coulombs 
impressed upon the cable should be as nearly as possible equal 
to zero for any two consecutive signals. 

It will be seen, however, that the ideal solution for power 
transmission automatically comprises each of these conditions, 
and, in addition, has other advantages in safety to the cable 
property from undue electrical stram throughout every 
centimetre of its length. 


ABSTRACT. 


1. The Paper proposes a new angle of view in the method of trans- 
mission of signals in the submarine telegraph cable, and describes 
some apparatus for operating on the general principles involved. 

2. An ocean cable is considered as a power line, and starting with 
the standard form of circuit which would be used in case it were 
required to operate an electric motor through an ocean cable, experi- 
ments are described to determine the minimum possible variations 
required in such a circuit to permit the alternating current received 
to be interpreted in dots, dashes, and spaces of the present alphabet. 
The uninterrupted alternating current used in transmission is operated 
on synchronously by the ordinary transmitting tape, so as to alter 
the impedance of the transmitting circuit at the instants when the 
current is naturally zero. Dots, dashes and spaces are each sent by 
semi-waves of either sign, but of different amplitudes. The alter- 
nating current received may be read directly from the record made by 
a siphon recorder, or this current may be employed to operate a 
siphon Morse printer, by means of an adaptation of Muirhead’s 
gold-wire relay, or a Heurtley magnifier and a local wire relay. 

3. The voltage stress along an Atlantic cable when an alternator is 
employed is shown, and the transmitting impedance of such a cable 
is computed as the frequency varies. 

4. A special form of cable dynamo to operate at frequencies from 
4 to 10 was used in the experiments described. 

5. The fundamental principle is developed of never metallically 
“ breaking ” the transmitter circuit, which permits of greater. accu- 
racy in balancing the duplex bridge. 


2 DISCUSSION. 


Mr. W. Duppxtt said the author and Dr. Crehore some 20 years ago 
were trying to get rid of the square corners of the waves due to the upper 
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harmonics. The difficulties now appeared to have been entirely sur- 
mounted. As pointed out in the Paper, if the current be broken the 
harmonics are again introduced, and he thought the method of avoiding 
this by exact synchronism of the transmitter and generator very in- 
enjous. 

: Prof. S. P. Taompson thought the great merit of the method of working 
was that it reduced everything to the sine curve. Anything else than a 
sine curve was less economical financially and electrically. He admired 
the author’s method of obtaining synchronism, and of making the altera- 
tions in amplitude exactly at the zero points. 

Mr. A. CAMPBELL said that frequencies of 4 to 10 seemed to be usually 
employed. What were the limits of frequency practically possible on an 
Atlantic cable, for example ? Was the limit set by the facility with 
which the-signals could be read by the operator ? 

Dr. H. W. Matcoum thought that by adopting the principle of never 
breaking the circuit the author was working on the right lines. The 
distortion in a long cable was so great that the wave-form of the signal 
received depended very little on the form transmitted, and so the wave- 
form could be chosen to produce the least disturbance at the transmitting 
end. For this the use of a series inductance was helpful. Another 
method was to use a commutator to shut off the recorder while the battery 
circuit was made or broken. 

Prof. G. W. O. Howe asked why the amplitude of the current which 
passed between signals could not be made zero. Was it an instrumental 
difficulty, or was there a theoretical advantage in having it large. 

The AvurHor, in reply, said it was desirable to have the amplitude 
large between signals, so as to depart as little as was practicable from its 
ideal sine wave. Moreover, the energy was utilised to feed the tape. 
With regard to frequency, 10 was very high from a cable standpoint, but 
he was hopeful that when the physicist had attended to the problem of 
the receiving instrument, much higher frequencies, say within the aural 
limit, would be possible. 
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PROCEEDINGS 
MEETINGS OF THE PHYSICAL SOCIETY 
OF LONDON. 


SESSION 1914-1915. 


October 93, 1914. 
Meeting held at the Imperial College of Science. 
Prof. Sir J. J. Tomson, O.M., F.RB.5., President, in the Chair. 
The following Paper was read :— 


“Tonisation,” Presidential Address by Sir J. J. THOMSON. 


November 13, 1914. 
Meeting held at the Imperial College of Science. 
Dr. A. RussEtt, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


1, “ A Bridge for the Measurement of Self-Induction.” By D. 


Owen, B.A., B.Sc. 
2. “ On the Coefficient of 
B. W. Crack, B.Sc. 


Diffusion in Dilute Solutions.” By 


/ 


Vill. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


November 27, 1914. 
Meeting held at the Imperial College of Science. 


Dr. A. Russeit, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


2 


1. “ Note on the Conduction of Electricity at Point Contacts.’ 
By A. F. HALLIMOND. 

2. “The Thermal Conductivity of Badly Conducting Solids.” 
By T. Barratt, B.Sc. 


December 18, 1914. 
Meeting held at the Imperial College of Science. 
Dr. A. Russeuy, M.A., Vice-President, in the Chair. 
The following Papers were read :-— 


1. “ An Exhibition and Description of Some Apparatus for 
Class Work in Practical Physics.” By Dr. G. F. C. SEARLE, 
F.R.S. : 


2.* “ A Vacuum Guard Ring and its Application to the Deter- 
mination of the Thermal Conductivity of Mercury.” By H. R. 
Netrieton, B.Se. 


January 22, 1915. 
Meeting held at the Imperial College of Science. 
Prof. Sir J. J. Taomson, O.M., F.R.S., President, in the Chair. 
The following Papers were read :— 
1. “ Practical Harmonic Analysis.” By Dr. A. Russet, M.A. 


2. “ Measuring the Focal Length of a Photographic Lens.” By 
T. Smiru, B.A. 


3. “The Polyscope and its Projection.” By Prof. A W. 
BICKERTON, 


* Taken as read. 


PROCEEDINGS OF THE PHYSICAL SOCIETY, 1x. 


Annual General Meeting. 
February 12, 1915. 
Meeting held at the Imperial College of Science. 


Dr. A. RussEtt, M.A., Vice-President, in the Chair. 


The Report of the Council was taken as read. 


In the year 1914 fourteen ordinary meetings have been held. The 
meeting on June 20th was noteworthy in that it was held at Cambridge. 
About 100 members and visitors took advantage of the occasion to 
visit the works of the Cambridge Scieatific Instrument Co., and were 
subsequently the guests of the Company at a luncheon held by kind 
permission of the Master and Fellows in the Hall of St. John’s College. 
In the afternoon a science meeting was held in the Cavendish Labora- 
tory, and was followed by tea in the laboratory by the invitation of the 
President and Lady Thomson. The average attendance at the meetings 
was 56. 

Ox February 27th the first Guthrie Lecture was deliverel by Prof. 
R. W. Wood, of Johns Hopkins University, Baltimore, his subject being 
“ Radiation of Gas Molecules Excite] by Light,” aad was much appre- 
ciated by a large aulieace. 

During the year a report on “ Radiation and the Quantum Theory,” 
by Mr. J. H. Jeans, F.R.S., was publishel by the Society. It is in- 
tended that this shall form the first of a series of reports on various 
branches of physics. 

A report of the Committee on Nomenclature and Symbols was pub” 
lished in the August number of the “ Proceedings,” so that it may be 
discusse1 before the Couacil take any definite action. A second report 
will be published shortly. 

The Annual Exhibition of Apparatus was not held during the past year, 
as the Council felt it would not be fully supported owing to the war. 


The Presidential Address this year was delivered at the first autumn 
meeting instead of at the ‘Annual Gereral Mecting, as had been the case 
hitherto, it being felt that the autuma provided a more convenient 
time of year for a new President to deliver his address. 

The nu nb>2r of Ordinary Fellows 02 the roll at December al; 1914, as 
distinct from Honorary Fellows, was 454. Tweaty-eight new Fellows 
have been elected, aiid there have been eight resignations. 

The Society has to moura the loss of one Honorary Fellow, Prot. W. 
Hittorf, and six Ordinary Fellows—namely, Mr. R. Kaye Gray, Prof. 


G. M. Minchin, Prof. J. H. Poyating (one of the Society's Past Presidents), 
Lieut.-Col. M. T. Sale, Mr. Augustus Stroh, and Sir Joseph W. Swan. 


The Report was adopted by the Meeting. 


. 


x. PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Report of the Treasurer and the Balance-sheet were pre- 
sented by the Treasurer. 


The total income of the Society again shows an improvement over 
the preceding year, in spite ot the adverse conditions existing in the 
latter part. It is satisfactory to note that there is a material increase 
in the income derived from subscriptions and from the sales of publica- 
tions. The steady increase in the sales of publications seems to indicate 
that the activity of the Society is being more and more appreciated by 
the scientifi¢ world. 

The expenditure for the year has increased, due in part to the greater 
activity in publication, and also to the more forward policy of the 
Council with regard to lectures and scientific reports. 

The Society’s income this year has exceeded its expenditure by 
£101. 16s. 3d., which I think shows that the Society is in a sound 
financial condition. 

Owing to the favourable conditions which prevailed at the beginning 
of 1914, the Council was able to order an investment of some of the cash 
assets, which stood in the last accounts at £698. l4s. I, therefore, 
purchased on behalf of the Society, £500 India 33 per cent. Stock. 

The total assets of the Society show a slight increase, but too much 
importance should not be attached to the figures given for the present 
values of the investments. The values given for the securities were 
kindly supplied by Messrs. Parr’s Bank, and are based on the Stock 
Exchange minimum prices. 

The liabilities on account of the Life Compositions Fund are a little 
higher, in spite of the deaths of four Life Fellows, as two new Fellows 
have compounded for their subscriptions. The balance available in 
the General Fund of the Society has slightly increased since last year. 


The Report of the Treasurer was adopted. 
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Xivi PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The Election of Officers and Council then took place, the new 
Council being constituted as follows :— 


President —Sir J. J. Toomson, O.M., D.Sc., F.R.S. 


Vice-Presidents, who have filled the Office of President—Prof. 
_G. C. Foster, D.Sc., LL.D., F.R.S.; Prof. R. B. Ciirton, M.A., 
F.R.S.; Prof. A. W. Retvorp, C.B., M.A., F.R.S.; Prof. Sir 
Artuur W. Rucker, M.A., D.Sc., F.R.S.; Sir W. pe W. ABNEY, 
R.E., K.C.B., D.C.L., F.R.S.; Prin. Sir Ortver J. Lover, D-Sc., 
LL.D., F.R.S.; Prof. Silvanus P. Tuompson, D-Se., E.RS. ; 
R. T. Guazesrook, C.B., D.Sc., F.R.S.; Prof. J. Perry, D.Sc., 
F.R.S.; CO. Curez, Se.D., LL.D., F.R.S.; Prof. H. L. CALLENDAR, 
M.A., LL.D., F.R.S.; Prof. A. Scuuster, Ph.D., Se.D., F.R.S. 


Vice-Presidents—W. R. Cooper, M.A., B.Se.; A. RUSSELL, 
M.A., D.Sc.; F. E. Smiru, R. S. WHIPPLE. 


Secretaries —S. W. J. Smita, M.A., D.Se., F.R.S.; W. Eccies, 
D.Se. 


Foreign Secretary —R. T. Guazesrook, C.B., D.Se., F.R.S. 
Treasurer —W. DupDELL, F.R.S. 
Inbrarian.—S. W. J. Smiru, M.A., D.Se., F.R.S. 


Other Members of Council—S. D. Cuatmers, M.A.; Prof. 
G. W. O, Hown, M.Se.; Prof. J. W. Nicnotson, M.A., D.Se. ; 
Major W. A. J. OQ’Meara, C.M.G.; C. C. Paterson; C. E. S. 
Puituirs, F.R.S.E.; Prof. A. W. Porter, B.Se., F.R.S.; Prof. 
O. W. Ricuarpson, M.A., D.Se., F.R.S.; Prof. the Hon. R. J. 
Strutt, F.R.S.; W. E. Sumpner, D.Se. 

Prince B. Galitzin was balloted for and elected an Honorary 
Fellow of the Society. 


The following Papers were read :— 
1. “ A Galvanic Cell which Reverses its Polarity when Illu- 


minated.” By A, A. CAMPBELL SwrvTon. 


2." “On the Criterion of Steel Suitable for Permanent Mag- 
nets.” By Prof. 8. P. Taompson,. F.B.S. 


3. * An Investigation of the Photographic Effect of Recoil 
Atoms.” By A. B. Woop, M.Se., and A. I. Steven, M.A. 


: Read in abstract by the Secretary in the absence of the Author. 
t Taken as read. ; 
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February 26, 1915. 
Meeting held at the Imperial College of Science. 
_ Dr. A. RUSSELL, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ Magnetic ‘Character’ Figures, Antarctic and Inter- 
national.” - By Dr. C. Cures, F.R.S. 

9. “The Hlectrification of Surfaces as Affected by Heat.” By 
Dr. P. HE. SHaw. 

3. “ Blectromagnetic Inertia and Atomic Weight.” By Prof. 
J. W. Nicholson, M.A., D.Sc. 


March 12, 1915. 
Meeting held at the Imperial College of Science. 
Dr. A. Russett, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “The Estimation of High Temperatures by the Method of 
Colour Identity.” By Cuirrorp C. PATERSON, A.M. Inst.C.E., 


and B. P. Dupprine, A.R.C.8c. 
9. “The Unit of Candle-power in White Light.” By CLIFFORD 


(. Paterson and B. P. DupDING. 

3* “The Relative Losses in Dielectrics in Equivalent Electric 
Fields, Steady and Alternating (R.M.S.).” By G. L. ADDEN- 
prookE, M.I.E.E. 


March 26, 1915. 
Meeting held at University College, Gower-street, by invitation of 
Profs. J. A. FLEMING, F.R.S., and A. W. Porter, F.R.S. 
Dr. A. Russet, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


1. “The Change of Thermal Conductivity with Fusion.” By 
Prof. A. W. Porter, D.Sc., F.R.S., and F. Seon, B.Sc. 


* Taken as read on account of lateness of the hour. 
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9. “ An Instrument for the Optical Projection and Delineation 
of Physical Curves, such as Hysteresis, Resonance and Charac- 
teristic Curves.” By Prof. J. A. Fuemine, D.Sc., F.R.S. 

3. “The Stability of Some Liquid Films.” By Dr. P. Paivurps 
and Mr. J. Rose Innes, M.A., B.Se. 

Before and after the Meeting a Demonstration of the Green 
Flash at the Setting of an Artificial Sun was given by Prof. A. W. 
Porter and E. T. Parts. 


April 23, 1915. 
Meeting held at the Imperial College of Science. 


Dr. A. RussEtt, M.A., Vice-President, in the Chair. 


The following Pape1s were read :-— 

1. “ On the Theories of Voigt and Everett regarding the Origin 
of Combination Tones.” By Prof. W. B. Morton, M.A., and Miss 
M. Darracu. 

2. “ Experiments on Condensation Nuclei produced in Gases 
by Ultra-violet Light.”” By Miss M. SatrMarsu. 

3.* “ On the Self-induction of Solenoids of Appreciable Winding 
Depth.” By 8. Burrerwortn, M.Sc. 


May 14, 1915. 
Meeting held at the Imperial College of Science. 
Dr. A. Russety, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ Precision Resistance Measurements with Simple Appa- 
ratus.” By E. H. Rayner. 

2. “Some Novel Laboratory Experiments.” By F. W. 
JORDAN, B.Se. 

3.* ““ On Electrically Maintained Vibrations.” By 8. Burrer- 
wort, M.Se. 


* Taken as read in the absence of the Author. 
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May 28, 1915. 


Meeting held at King’s College, Strand, by invitation of Profs. 


O. W. Ricwarpson, M.A., D.Sc., F.R.S., and J. W. NicHoxson, 
M.A., D.Sc. 


Dr. A. Russet, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “On. Numerical Relationships between Electronic and 
Atomic Constants.” By Dr. H. 8. Auten, M.A. 

2. “ On a Method of Calculating the Absorption Coefficients of 
X-Radiation.”” By H. Moors, A.R.C.Sc. 

Prof. O. W. Ricuarpson showed two experiments illustrating 
Novel Properties of the Electron Currents from Hot Metals ; 
Prof. E. Witson described and exhibited the Apparatus used 
in his recent work on High Permeability in Iron; and Mr. T. R. 
Merton showed an experiment illustrating the Relative Width 
of Hydrogen and Neon Lines. 


June 11, 1915. 


te, 


Meeting held at the Imperial College of Science. 
Dr. A. Russett, M.A., Vice-President, in the Chair. 


The following Papers were read :— 


1. “The Coefficient of Expansion of Sodium.” By H. A 
Grirrirus and E. Grirritus, M.Sc. nae 

9. “Notes on the Calculation of Thin Objectives.” By T. 
Smitu, B.A. 

3. “On Tracing Rays through an Optical System.” By T. 
Smitu, B.A. , ; 

4.* “The Accuracy of the Lens and Drop Method of Measuring 
Refractive Index.” By H. R. Nerrunton, B.Sc. 


* Taken as read in the absence of the Author. 
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June 25, 1915. 
Meeting held at the Imperial College of Science. 
Dr. A. Russet, M.A., Vice-President, in the Chair. 
The following Papers were read :— 


1. “ The Conduction of Electricity through Metals.” By the 
President, Sir J. J. THomson, O.M., F.R.S. 

2. “On an Unbroken Alternating Current for Cable Tele- 
graphy.” By Lieut.-Col. G. O. Squier, Ph.D. 


NOTICES TO FELLOWS. 


The question of using letters to denote Fellowship of the Society 
has been raised from time to time. The practice of Fellows has 
varied in the past, ard it is obviously advisable that there should b> 
uniformity. In the circumstances, the Council has decided to sane- 
tion and adopt the letters F.P.S.L. as the official indication of Fellow- 
ship of the Society. Fellows are, therefore, asked to use no cther 
letters for this purpose, 


- PUBLICATIONS OF THE PHYSICAL SOCIETY. 
THE SCIENTIFIC PAPERS 


OF THE LATE 
SIR CHARLES WHEATSTONE, F.R.S. 
“Demy 8vo, cloth. . Price 8s. ; to Fellows, 4s. 


Uniform with the above. 


THE SCIENTIFIC PAPERS 
OF 


JAMES PRESCOTT JOULE, D.C.L.,. F.R.S. 
Vol. I. 4 Plates-and Portrait, price 12s. ; to Fellows, 6s. 
Vol. II. 3 Plates, price. 8s.; to Fellows, 4s. 


PHYSICAL. MEMOIRS. 


Part I.—Von Henmuortz, On the Chemical Relations of 
Electrical Currents. Pp. 110. Price 4s.; to Fellows, 2s. 

“Parr I.—Hitrorr, On the Conduction of Electricity in 
Gases ; Punus; On Radiant Electrode Matter. Pp. 222. 
Price 8s. ; to Fellows 4s. - 

Part I1J.—Van DER WAALS, On the Continuity of the Liquid 
and Gaseous States of Matter. Pp. 164. Price 8s. ;— to 


Fellows, 4s. 


REPORT ON RADIATION AND THE QUANTUM-THEORY 
By J. H. JEANS; M.A., F.R.S. 
Price 6s.; to Fellows, 38. Bound in Cloth, 8s. 6d.; to Fellows, 5s. 6d. 


PROCEEDINGS. 


The “ Proceedings ” of the Physical Society can be obtained at the 
following prices :— 
Vol. I. (3 parts) bound cloth, 15s. 
Vols. Il., IV. V., XXIII. & XXYV. (5 parts each), bound cloth, 23s, 
Vols. IEI., VI. to XII. & XXII. (4 parts each), bound cloth, 19s. 
Vol. XIII. (13 parts, each containing Abstracts), bound cloth 
(without Abstracts), 47s. 
Vols. XIV. & XV. (12 parts, each containing Abstracts), bound 
cloth (without Abstracts), 23s. 
Vols. XVI. & XIX. (8 parts each), bound cloth, 35s, 
~ Vols. XVI., XVIII. & XXI. (7 parts each), bound cloth, 31s. 
~ Vol. XX. & XXIV. (6 parts), bound cloth, 27s. 
Most of the parts can be purchased separately, price 4s, by post 48. 3d, 
Fellows can obtain the Proceedings (in parts) for their personal use 


at half the above prices. 


ABSTRACTS OF PHYSICAL) PAPERS 
FROM FOREIGN SOURCES. 


-Vors. I. (1895), IL. (1896), and III. (1897), 15s. each; to Fellows, 
: 7s: 6d. each. 


cee et Beene eee 
Strong cloth cases for binding the Proceedings,” price 1s. 6d. each, post free. 


BLAKESLEY, T. H. A Table of Hyperbolic Sines and Cosines.’ 
Price 1s. 6d.; to Fellows, 9d. 
LEHFELDT. BR. A_ A List of Chief Memoirs on the Physics of Matter. 


_ Price 2s.; to Fellows, 1s. 


aha 


3 ‘Applications for the above Publications should be sent direct to 
“ THE ELECTRICIAN ” PRINTING & PUBLISHING CO., LTD., 
1, 2 AND 3, SatisBuRy Court, Frent Strunt, Lonpon. 
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